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Abstract
It is well known that thin flat rectangular plates supported on their edges, under 
in-plane compressive loading, behave in a stable manner such that the induced 
wave pattern will continue to take extra load in the post-buckling regime. W hat is 
less obvious is the limit of this post-buckling stability, which is likely be marked by 
a dynamic mode jump to a new wave pattern with a reduced wavelength. Here 
the use of modern numerical methods, in conjunction with classical analytical 
techniques, allows a detailed investigation of mode jumping to be performed for 
a wide range of boundary conditions and all plate lengths.
For the axially-compressed strut supported by a stiffening nonlinear foundation 
— which forms a heuristic model for the more complicated plate problem — the 
full range of end conditions from simply-supported to clamped is examined. In 
the plate system, four separate combinations of simply-supported and clamped 
flexural conditions on the long (unloaded) and short (loaded) edges are con­
sidered, together with in-plane constraints ranging from free-to-pull-in to fully- 
restrained.
All possible mode interactions, for systems of all lengths, are presented in a con­
cise form using the parameter space of Arnol’d tongues, borrowed from nonlinear 
dynamical systems theory. Each cusp describes the extent to which the system 
locks onto a particular wave, and also gives the ratio of the two competing wave­
lengths before and after mode jumping. This ratio is only rational at the extremes 
of simply-supported and clamped: for other boundary conditions it is irrational
1
and the associated buckle pattern quasi-periodic.
This work has been written up in four papers; three have been published (Hunt 
& Everall, 1999; Everall & Hunt, 1999a; Everall Sz Hunt, 1999b) and a further 
paper has been accepted (Everall & Hunt, 1999c).
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Nomenclature
Subscripts x  and y refer to the Cartesian coordinate system. Variables in brackets 
below denote nondimensional quantities. Dots (’) and primes (') above variables 
represent partial differentiation with respect to x  and y (or x  and y).
A xes and dimensions
x , 2/, z  (x, y, z) Cartesian coordinates
u, v, w (u, v , w) Displacements in the x , y and z directions
L (I) Length of plate or strut
s, t Width and depth of strut (commonly written as b and d)
t  Plate thickness
r, rx, ry Radii of curvature
9, 6X, 0y Angles of rotation
M aterial properties
E , G Young’s modulus and shear modulus
v Poisson’s ratio (assumed to be 0.3)
I  =  -jj- Second moment of area (commonly written as - ^ )
D = 12(1—3|/2) Plate flexural rigidity (or plate constant)
K , C  Foundation spring stiffness and nonlinearity
K, (k) Rotational spring stiffness
12
N o m e n c l a t u r e 13
Stresses, strains, m om ents and loads
crx, cry, TXy Direct and shear stresses
(p ((p) Stress function
e x , £y, 7Xy  Direct and shear strains
M , M X1 My Bending moments
P , Px, Py (p, px, py) Applied loads
Energy com ponents
V, W  Total potential energy
Ub Bending energy
Uf Foundation energy




a, 6, c, d Number of half-waves in buckle pattern
Qa Amplitude of mode with a half-waves
Vaaaa, K'a, etc. Energy coefficients
P a (pa) Critical load for mode with a half-waves
Chapter 1
Introduction
.. it is obvious that irrational numbers are uninteresting to an engi­
neer, since he is only concerned with approximations, and all approx­
imations are rational.”
Hardy (1940)
The responses of structural members in axial compression which undergo bifur- 
cational instabilities can typically be split into two parts: pre-buckling and post- 
buckling. Often the initial pre-buckling response is linear and, apart from a small 
amount of elastic compression, the member retains its unloaded shape. The limit 
of this behaviour is marked by a critical load where the member buckles, under­
going noticeable elastic or plastic deformation as it moves into the post-buckling 
regime. It is the nonlinear post-buckling behaviour of thin, flat, rectangular 
plates that is of interest here. Thin plates appear in a number of different struc­
tures and are also used to construct a wide range of prismatic members such as 
stiffened plates and box-sections; typical applications include aircraft, bridges, 
offshore platforms and ships.
When supported on all four edges, the load carried by a thin flat plate continues 
to increase after buckling, and therefore it might be expected tha t stability would
14
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(c)
Figure 1.1: Plate buckling behaviour; (a) uniformly compressed state, (b) initial 
buckle pattern, (c) buckle pattern after mode jumping. Pi < P c <  P2.
be lost when yielding occurs. However a change in the buckle pattern has been 
observed experimentally before yielding takes place, implying a loss of stability 
earlier in the loading process. Take for example the rectangular plate shown in 
Fig. 1.1(a) which is in the uniformly compressed state (the applied load Pi is less 
than the critical load P c ). When the critical load is reached the plate buckles 
— the shape being dependent on the boundary conditions and aspect ratio — 
with the amplitude of deflection increasing with further increases in load. At the 
load P2 (say) there is a loss of stability marked by a sudden change in the buckle 
pattern; this behaviour is often termed “mode jumping”. Figs. 1.1(b) and (c) 
show typical buckle patterns for a simply-supported plate, before and after mode 
jumping, where the number of half-waves has increased from one to two.
It is well known that for a simply-supported flat plate the post-buckling behaviour 
is periodic, with the buckle pattern containing a single wavelength and an integer 
number of half-waves along the length (Fig. 1.1). However with other boundary 
conditions the initial response is dependent on two wavelengths, the ratio of 
which is typically irrational, and hence the resulting behaviour is (in general) 
quasi-periodic.
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This work aims to characterize the phenomenon of mode jumping in plates for 
a wide range of boundary conditions and lengths, comparing results from both 
analytical and numerical solution methods. An analogy with dynamical systems 
is used to present the results in a form reminiscent of Arnol’d tongues, which 
is found to highlight the effects of different boundary conditions in a succinct 
manner.
The remainder of this chapter introduces nonlinear buckling phenomena and the 
development of different solution techniques, with the emphasis on flat plates. It 
closes with a review of the previous research on mode jumping, background to 
dynamical systems and an outline of the work presented in this thesis.
1.1 Buckling phenomena
There are a number of textbooks covering the buckling of elastic structures in 
general (e.g. Timoshenko & Gere, 1961; Allen & Bulson, 1980; Ellinas et ai, 
1984; Bazant & Cedolin, 1991) and on flat plates in particular (e.g. Timoshenko 
&; Woinowsky-Krieger, 1959; Cox, 1963; Bulson, 1970; Szilard, 1974; Chia, 1980). 
General nonlinear theory of structural stability, used in the investigation of mode 
jumping, is covered in more specialized textbooks (see for example Croll & Walker
(1972), Supple (1973) and Thompson & Hunt (1973; 1984)). The extensive use 
of both flat plates and prismatic structures means that their linear and nonlinear 
behaviour has received widespread attention — the theoretical and experimental 
research on plate behaviour is summarized by (for example) Walker (1984) and 
Chou & Rhodes (1997), although mode jumping is not covered in detail.





Figure 1.2: Equilibrium paths for the elastica. Stable paths are shown as solid 
lines and unstable paths as broken lines.
1.1.1 General behaviour
One common simple elastic structure is the axially-compressed strut or “elas­
tica” : Euler (1744) showed that non-zero solutions emerge from the flat state at 
discrete critical loads. Fig. 1.2 summarizes this behaviour in a load-deflection 
diagram, where all possible solutions of the governing equation under changing 
load form a number of equilibrium paths; the horizontal lines correspond to the 
first two “modes” for the simply-supported strut (one and two half sine-waves 
along the length). For the strut free of imperfections, there is equal probability 
of it buckling with either positive or negative deflection and hence the intersec­
tions between paths marking zero (pre-buckling) and non-zero (post-buckling) 
solutions are called branching or bifurcation points.
A similar load-deflection diagram can be constructed for the plate using the criti­
cal loads and buckling modes given by the linear equation, derived independently 
by Kirchhoff (1877) and Love (1892). This equation allows the small deflection 
response for different loading configurations, such as those shown in Fig. 1.3, 
to be calculated (Szilard (1974) defines “small” to be less than one-fifth of the 
plate thickness) — some typical applications are given in the classic textbook by 
Timoshenko k  Gere (1961) and more recently by Allen k  Bulson (1980). The
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(c)
Figure 1.3: Some typical loading configurations; (a) in-plane (axial), (b) trans­
verse and (c) shear.
in-plane boundary conditions are also important: in addition to altering the crit­
ical loads, careful selection allows more complex structures to be modelled as 
a series of flat plates. For example, Falconer k  Chapman (1953) approximated 
each bay of a stiffened panel — used extensively in aircraft structures — as a 
plate with straight edges and, assuming periodic buckling, calculated the critical 
loads. A similar approach is used by the eigenvalue solver VICONOPT (Williams 
et al., 1991) which computes the critical buckling and/or vibration modes of 
prismatic structures (see Fig. 1.4) and optimizes the geometry for a given set of 
constraints. Two books on the design of thin plates show further applications of 
this method for transverse (Aalami k  Williams, 1975) and in-plane (Williams k  
Aalami, 1979) loading.
With interest in the construction of lighter and more efficient structures by air­
craft engineers, the ability to utilize the large deflection post-buckling strength 
of plates became important — to explore this behaviour the more complex von 
Karman equations (Foppl, 1907; von Karman, 1910) have to be used. Exact 
solutions of these nonlinear equations are only possible with simply-supported 
boundaries and for a limited number of loading configurations (Levy, 1942). As a 
result a number of approximate solution methods were developed, many of which 
are described in detail by Szilard (1974). The lack of any general solution tech-
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Figure 1.4: Some typical prismatic structures (taken from Anderson et al (1983)).
niques meant tha t early approximations for the post-buckling of flat plates were 
based on experimental data. For example the “effective-width” concept (Winter, 
1947) equates the nonuniform loading shown in Fig. 1.1 to a constant load acting 
over a reduced (effective) width. However this simple method assumes tha t fail­
ure occurs when the material yields (von Karman et al, 1932) rather than earlier 
in the post-buckling regime.
1.1.2 A nalytical solutions
The first general approach for the modelling of nonlinear elastic structures was 
developed by Koiter (1945) who used the calculus of variations (Craggs, 1973) to 
minimize the potential energy of the structure, V, where (for the one-dimensional 
stru t problem of Fig. 1.2)
V =  J  C d x .  (1.1)
Here C is equivalent to the Lagrangian function in dynamical systems and x  is the 
spatial coordinate. Note that this problem is also conservative, i.e. there is no loss 
of energy — in a dynamical systems context this is referred to as Hamiltonian. 
The first variations of V  give the stationary points which, in turn, can be used to 
construct equilibrium paths describing the full nonlinear post-buckling behaviour. 
Koiter’s work on struts, cylinders and plates showed that the response of an elastic 
structure in axial compression depends on the nature of the bifurcation point 
itself. Subcritical bifurcation leads to instability under conditions of controlled 
loading, whereas supercritical responses are stable, at least in the initial post- 
buckling range. The differences in buckle pattern are also significant, especially 
when the structure can be described as “long” (x  —> oo): subcritical responses





Figure 1.5: (a) Stable (supercritical) post-buckling behaviour. The dotted line 
shows the result of an added imperfection, (b) Periodic deflection of the axially- 
compressed plate, (c) Similar response for a link model (see p. 23).
show a tendency to localize while supercritical systems typically oscillate in some 
periodic or quasi-periodic manner. The thin flat plate considered here falls into 
the second category. The post-buckling shape is nondevelopable and therefore 
requires stretching of the mid-plane; this gives a positive post-buckling stiffness 
allowing increased loads to be supported. In contrast, the deformation of an 
axially-compressed cylinder (Fig. 1.6(b)) is unstable and there is a loss of stability 
after buckling. Typical load-deflection plots and buckle patterns for these two 
structures are sketched in Figs. 1.5 and 1.6 respectively.
Building on the work of Koiter — and in parallel to Sewell (1965; 1970) — Chilver 
and Thompson developed a general theory and perturbation method for post- 
buckling analysis, leading to the well known monograph by Thompson & Hunt
(1973). The resulting theory of elastic stability, in a diagonalized formulation, 
assumes that the continuous system can be expressed by a series of “modes”, 
with the modes themselves being picked out by linear eigenvalue analysis. For 
the simply-supported plate shown in Fig. 1.5(b) this gives
w =  ( Qi sin +  Q2 sin H 1- Qn sin ) sinny, (1.2)
where w is the out-of-plane deflection. Substituting this modal approximation
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w
(a)
Figure 1.6: (a) Unstable (subcritical) post-buckling behaviour. The dotted line 
shows the result of an added imperfection, (b) Localized deflection of the axially- 
compressed cylinder, (c) Similar response for a link model (see p. 23).
into (1.1) and integrating gives an expression of the energy in terms of the am­
plitudes,
V = V(Ql ,Q2 (1.3)
which can then be used to describe the structural behaviour. Fundamental to 
this work are two axioms (Thompson & Hunt, 1973): a stationary value of the 
potential energy (1.3) with respect to all the generalized coordinates is necessary 
and sufficient for equilibrium; a relative minimum of the potential energy, again 
with respect to all the coordinates, is necessary and sufficient for stability of the 
equilibrium state.
Both these axioms are needed for the investigation of mode jumping. The first 
is used to generate the equilibrium paths — Fig. 1.5(a) illustrates the path for 
buckling into two half-waves, but paths corresponding to one, three and four 
half-waves etc. can also be plotted. These are called uncoupled paths as they 
consist primarily of a single mode. Solutions consisting of a mixture of buckle 
patterns can also be found: it is these coupled solutions which indicate the possi­
bility of mode jumping. The second axiom can be used to show that the change 
in stability of a equilibrium path always coincides with either a limit point or




Figure 1.7: (a) Coupled solution paths (after Supple (1967)). Q\ and Q2 are 
the amplitudes of the one and two half-wave deflections respectively, (b) Buckle 
patterns; (i) pre-buckling, (ii) one half-wave, (iii) coupled and (iv) two half-waves.
the crossing of another path at a bifurcation point (Thompson & Hunt, 1973). 
Therefore the intersection of uncoupled and coupled paths is associated with the 
vanishing of a second derivative of V  (Thompson & Hunt, 1984). Supple (1967) 
classified the coupled behaviour of any general two degree-of-freedom (d.o.f.) sys­
tem (Qs =  • • • =  Qn =  0) according to the coefficients of the variables Q i and Q2 
in (1.3). In addition, by plotting the amplitudes of the two competing modes on 
separate axes, the coupled solution paths can be visualized in these dimensions 
for different structures; Fig. 1.7(a) shows a general form of the behaviour for a 
doubly-symmetric system such as the plate (Supple, 1970), with the correspond­
ing buckle patterns sketched in Fig. 1.7(b). The lower uncoupled path (ii) loses 
stability at the secondary bifurcation point — where the uncoupled and coupled 
paths intersect (labelled S  in Fig. 1.7(a)) — and hence mode jumping occurs. 
Solutions lying on the stable uncoupled path, with simply-supported boundary 
conditions, could also be called mode locked; i.e. the number of half-waves along 
the length of the plate remains constant. The limit of this mode locking is marked 
by the secondary bifurcation point.
Interest at this time was focused on unstable systems (Chilver, 1967; Supple, 
1968; Thompson & Supple, 1973) where mode interactions and imperfections have
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a greater impact on behaviour. The dotted line of Fig. 1.5 shows that despite the 
presence of an imperfection, introduced here as an initial out-of-flatness, the plate 
retains its stability. On the other hand, for the cylinder (Fig. 1.6) a relatively 
small imperfection can lead to a considerable loss of load carrying capability 
(Thompson & Hunt, 1973). The examination and portrayal of imperfections is 
also a central facet of catastrophe theory (Poston & Stewart, 1978); for example, 
the effects of certain additional transverse loads at a compound bifurcation point 
(where the critical loads for two different modes coincide) are described by the 
unfolding of a double cusp catastrophe (Magnus & Poston, 1977).
The two d.o.f. approximation studied by Supple highlights the coupled behaviour 
of nonlinear structures. However it is inevitable that interaction with other modes 
will occur for large deflections, further complicating the post-buckling response. 
Techniques such as the Lyapunov-Schmidt reduction (Golubitsky & Schaeffer, 
1984), and the equivalent elimination of passive coordinates (Thompson Sz Hunt, 
1984), allow high d.o.f. systems to be rewritten in terms of the major modes of 
interest, and hence enable a more rigorous analysis of the coupled behaviour.
Link models can also be analyzed using this theory. Constructed from just two 
basic elements — rotating rigid bodies and springs — their inherently simple be­
haviour allows the underlying response of nonlinear structures to be illustrated in 
an uncomplicated manner. For example, link models as shown in Figs. 1.5(c) and 
1.6(c) have been used to highlight the differences between the periodic and local­
ized responses of supercritical and subcritical systems respectively (Hunt et al., 
1989). In addition, Stein (1959a) used the three-link strut shown in Fig. 1.8(a) 
as a simplified model of the plate, with the stiffening nonlinear springs giving the 
system a supercritical post-buckling response. Stationary points of the system’s 
potential energy — derived in terms of the amplitudes Qi and Q 2 — predict a 
mode jump from a symmetric (Qi = Q 2 ) to an antisymmetric (Q1 =  —Q2) buckle 
pattern, shown in Figs. 1.8(a) and (b) respectively.
1 I n t r o d u c t io n 24
Q i Q 2
(a) (b)
Figure 1.8: Link model showing deflection patterns (a) before and (b) after mode 
jumping (after Stein (1959a)). Springs have been omitted from (b) for clarity.
1.1.3 M odal analysis
Unfortunately the modal techniques discussed above are only suitable for in­
vestigating the coupled behaviour of simply-supported plates. These boundary 
conditions are special in tha t the solutions are periodic (Fig. 1.9(a)) and can be 
approximated by a small number of modes — Supple (1970) suggests tha t a single 
mode portrayal is accurate up to about two-and-a-half times the critical load. For 
clamped boundaries there is a modulation of the buckle pattern (Fig. 1.9(b)), with 
amplitude decreasing towards the ends of the plate. In the post-buckling regime 
this response can only be approximated accurately by using a large number of 
modes. Uncoupled solutions can be found by using computers to calculate the 
amplitudes Qi, Q 2 etc. (Yamaki, 1959; Yamaki, 1960) — an extreme example is 
provided by Watson (1998) who extrapolates to an infinite number of modes when 
finding the critical loads for clamped plates. Alternatively, multi-scale analysis 
attem pts to overcome this limitation by assuming that the deflection is influenced 
by differing length scales, with the behaviour of Fig. 1.9(b) being approximated 
by a single periodic wave modulated by an overall amplitude variation (Potier- 
Ferry, 1983). However this approach is restricted to the initial post-buckling 
behaviour (Wadee et al., 1997) and cannot locate secondary bifurcation points.
1.1.4 Numerical m ethods
The suitability of computers for repetitive and time consuming calculations has 
enabled techniques such as finite difference, finite element and stiffness-matrix
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Figure 1.9: Initial buckle pattern along the centreline of the plate; (a) simply- 
supported and (b) clamped boundary conditions.
methods to be implemented for high d.o.f. systems; early work was conducted 
at Cambridge, Imperial College and Swansea (see for example Dwight & Rat- 
cliffe (1969), Williams & Walker (1975) and Zienkiewicz (1977) respectively). 
However, although the general approach of commercially available finite element 
programs — such as a n s y s  (Swanson Analysis Systems, 1992) and ABAQUS (Hi- 
bbitt, Karlsson & Sorensen, 1997) — allows almost any structural geometry and 
the full range of boundary conditions to be modelled, these “black-box” codes 
may miss the solutions of practical significance as they can have difficulty coping 
with the inherent multiplicity of paths. More specialized programs, the boundary 
value solver a u t o  (Doedel et al., 1995) for example, are well suited to this type of 
problem: in addition to following solution paths under the parametric variation of 
(say) load, bifurcation points are located numerically (Seydel, 1994) allowing the 
full post-buckling behaviour to be explored. However AUTO solves ordinary differ­
ential equations and is therefore not obviously suitable for the two-dimensional 
(partial differential equation) plate and cylinder problems. Recent work (Riks 
et al., 1996; Gervais et al., 1997) has shown that the algorithms used in AUTO 
can also be applied to these 2D problems, although the resulting programs are 
relatively slow.
1.2 M ode interactions
The destabilizing effect of mode interactions in (for example) stiffened plates 
in the late 1960’s and early 1970’s (Murray, 1973) is now well known, having 
been highlighted for instance by the large failure rate of box girder bridges; this
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prompted the testing of flat plates with various boundary conditions a t Imperial 
College (Harding & Hobbs, 1979) and a revision of the bridge design code (Dowl­
ing et al., 1988). Therefore the ability to deal with complex nonlinear interactions 
which lead to a loss of stability is very important.
The linear eigenvalue solver v ic o n o p t  (Williams et al., 1991) is currently being 
developed to include the nonlinear post-buckling behaviour of prismatic struc­
tures (Fig. 1.4) (Powell et al,  1998); the phenomenon of mode jumping in flat 
plates, as explored here, may provide a good method for validating any predic­
tions of coupled behaviour.
1.2.1 M ode jum ping
The earliest work investigating the phenomena of mode jumping was by Stein 
(1959a; 1959b): in addition to the link model described above, a physical exper­
iment showed multiple mode jumps — from 5 to 6 to 7 to 8 half-waves along the 
length — in an aluminium panel. Theoretical work which followed used analyti­
cal methods encompassed by the theory of elastic stability (Thompson & Hunt, 
1973), while more recently numerical methods have predominated.
A wide range of boundary conditions have been covered in the last forty years, 
including various combinations of simply-supported and clamped long and short 
edges in conjunction with a number of in-plane constraints. The three most 
common constraints are shown in Figs. 1.10(a), (b) and (c): these are termed 
“free-edged” , “straight-edged” and “clamped in-plane” respectively. In addition, 
a number of papers (Matkowsky & Putnick, 1974; Matkowsky et al., 1980; Holder 
& Schaeffer, 1984) approach the problem from a mathematical viewpoint and use 
boundary conditions which are hard to interpret physically. W ith such a wide 
variety of possible boundary conditions, and the need to cover systems of all 
lengths, it is perhaps not surprising that (in general) only specific cases of mode 
jumping are given in the literature. W ith the added complication of the variety
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(c)
Figure 1.10: Simply supported plate with; (a) edges free to move, (b) all edges 
held straight and (c) long edges held rigidly apart. Broken lines show unloaded 
plate. Solid lines show (exaggerated) post-buckling shape.
of different solution methods — experimental, analytical and numerical — even 
giving qualitative conclusions on the effects of the boundary conditions is difficult, 
especially as there are often conflicting predictions of whether mode jumping will 
or will not occur.
However, for the same boundary conditions and in-plane constraints, apparently 
differing results can usually be attributed to the accuracy or otherwise of the 
solution method. For example, both two (Sharman & Humpherson, 1968; Supple, 
1970; Wicks, 1988) and four (Uemura & Byon, 1977) d.o.f. modal approaches 
predict mode jumping in simply-supported plates for a number of discrete lengths. 
Maaskant & Roorda (1992) use a two d.o.f. approximation to cover a continuous 
range of lengths — however mode jumping is only predicted for a subset of the 
cases considered. In contrast, Nakamura & Uetani (1979) used previous work on 
the supercritical strut (Uetani, 1974) to develop a twenty term approximation 
of the deflected shape, such that it might be assumed that the effects of all 
significant contaminating modes were included. This comprehensive study of 
simply-supported plates clearly shows that mode jumping occurs in plates with 
either straight-edged or clamped in-plane constraints over the full range of aspect 
ratios considered (1.4-8). The secondary buckling loads are dependent on the
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plate length and form a “saw-tooth” pattern (see Fig. 3.8, p. 81) — maximum 
values occur at lengths just to the right of the compound bifurcation points (where 
the critical loads for two different modes coincide) and decrease with increasing 
length until the next compound point is reached; here there is a step increase in 
load and the cycle repeats. Comparing the results for the clamped in-plane and 
straight-edged cases shows that mode jumping occurs at much higher amplitudes 
(and loads) for the latter and hence the destabilizing effects of passive modes are 
by this stage more significant.
Stoll (1994) uses a twelve d.o.f. model to predict mode jumping in a plate of 
aspect ratio 5.38:1 with either simply-supported or clamped short edges; in this 
instance the clamped case has the lesser post-buckling stability. Using analytical 
methods with clamped boundary conditions is unusual — the modulation of the 
buckle pattern (Fig. 1.9) means that these solutions are typically less accurate 
than for the simply-supported case. Numerical methods are more commonly used 
as they should give “near-exact” solutions for the deflected shape. However, fi­
nite element methods are relatively slow and mode jumping is only predicted for 
the individual cases considered (Uemura &; Byon, 1978; Carnoy & Hughes, 1983). 
Riks et al (1996) and Gervais et al  (1997) both present sophisticated finite el­
ement codes which track solution paths and log bifurcation points. Riks et al 
(1996) compares results with experiments (see below), while Gervais et al  (1997) 
considers three sets of boundary conditions for a free-edged plate (Fig. 1.10(a)): 
all edges simply-supported; long edges simply-supported, short edges clamped; 
and all edges clamped. Mode jumping only occurs in the latter two cases — 
unfortunately direct comparison between these results is not possible as three 
different lengths are used. Secondary buckling loads for simply-supported plates 
have been calculated over a wide range of lengths (Nakamura & Uetani, 1979); 
there is no equivalent study with clamped boundary conditions and so the effect of 
length, especially near compound bifurcation points, cannot be determined. The 
work by Nakamura &; Uetani (1979) and Gervais et al (1997) also shows that 
the position of the compound bifurcation points, where the minimum secondary
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buckling loads occur, are dependent on the boundary conditions. Therefore, qual­
itative comparisons between different boundary conditions will require a spread 
of results for each case.
A number of researchers have attempted quantitative validation of theoretical 
methods by comparing results with physical experiments. However comparisons 
(Schaeffer & Golubitsky, 1979; Stoll, 1994; Riks et al., 1996) with the exper­
iment by Stein (1959b) — effectively a straight-edged aluminium plate with 
simply-supported long edges and clamped short edges — and plates with ei­
ther four simply-supported (Sharman & Humpherson, 1968; Johnson, 1990) or 
four clamped boundaries (Uemura & Byon, 1978; Carnoy & Hughes, 1983) are 
inconclusive. This is possibly explained by the difficulties in achieving the perfect 
simple or clamped support under experimental conditions, which are the easiest 
to implement theoretically. (This difficulty is highlighted by the photographs of 
experimental work on sandwich structures by Wadee (1999) for example.) Alter­
natively, Johnson (1990) suggests that initial imperfections may contribute to the 
poor agreement: it is well known from theoretical work (see for example Stoll, 
1994) tha t the presence of small imperfections can lead to a significant drop in 
the secondary buckling load. Interestingly, the presence of a large imperfection 
may eliminate the phenomenon of mode jumping, the lack of bifurcation points 
leading to a complete smoothing of the loading path. Flexural boundary con­
ditions falling between the extremes of simply-supported and clamped (Rhodes 
& Harvey, 1971) and constraints varying between straight-edged and clamped 
in-plane (Maaskant & Roorda, 1992) — which may be more representative of 
physical experiments — have not been studied in detail.
Other papers (Bauer & Reiss, 1965; Stroebel & Warner, 1973; Sridharan, 1983; 
Suchy et al, 1985; Chien, 1989; Chien & Chen, 1997; Ikeda & Nakazawa, 1998) 
consider the problem of mode jumping in plates for individual cases, although 
they do not add anything new. Mode jumping has also been noted with other 
loading conditions: simultaneous axial and transverse loading (Levy et al., 1944); 
a combination of bending and shear (Nakazawa et al., 1993); axial loading with a
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foundation (Cheng Sz Shang, 1997); and in laminated anisotropic plates (Jensen 
& Lagrac, 1988; Romeo & Frulla, 1994).
The supercritical response of the elastic strut supported by a nonlinear stiffening 
elastic foundation (Hui & Hansen, 1980; Potier-Ferry, 1983; Johnson, 1990) can 
be usefully allied to the axially-compressed flat plate. Surprisingly, despite being 
easier to solve, mode jumping in this one-dimensional model has only received 
isolated attention (Stein, 1959a; Uetani, 1974; Wu, 1993). The phenomenon of 
mode jumping has also been seen in axially-compressed cylinders (Yamaki, 1984; 
Riks et al., 1996); unlike the plate where the number of half-waves increases in 
the direction of loading, here there is a decrease in the number of circumferential 
waves.
A number of general conclusions can be drawn from this work: when using a 
modal approach it is important to include the effects of contaminating modes; 
the secondary buckling load is very sensitive to the in-plane constraints, decreas­
ing as movement is increasingly restrained; and plates with clamped short edges 
have less post-buckling stability than the simply-supported case, at least near a 
compound bifurcation point. The last two conclusions are, at best, only qualita­
tive, the lack of a comprehensive study of all the various boundary conditions for 
a significant range of lengths meaning that their effects cannot be quantitatively 
evaluated.
1.3 Dynam ical system s
Dynamical systems describe how systems evolve in time (a wide variety of ex­
amples are discussed by Thompson & Stewart, 1986) and hence their relevance 
to the static behaviour of elastic structures may not be immediately obvious. 
Take for example the unforced, undamped pendulum shown in Fig. 1.11(a). The 
amplitude of the large rotation 9 a t time t is described by the scaled nonlinear
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Figure 1.11: (a) Unforced and (b) forced pendulum undergoing large deflections.
ordinary differential equation (ODE),
d 2a
-^■ +  sin (1.4)
The behaviour of the elastica (Fig. 1.2) is governed by the same nonlinear ODE, 
except that solutions vary in space (x) rather than time (t ) (see for example 
Champneys et al., 1997). Therefore much can be learned by treating spatial 
boundary value problems as though they were nonlinear initial value problems 
running in time. The understanding of subcritical behaviour has been further 
advanced by this analogy, with the localized response of the subcritical strut 
described by a homoclinic solution from the flat state to itself (Hunt & Wadee, 
1991). Similarly, the phenomenon of mode jumping in supercritical structures 
can be linked to mode locking in nonlinear dynamical systems: if the pendulum is 
subjected to periodic forcing (Fig. 1.11(b)) then, depending on the amplitude of 
forcing and the ratio of the natural and forcing frequencies, it can exhibit either 
periodic (locking onto a integer multiple of the forcing frequency), quasi-periodic 
or chaotic behaviour. In numerical experiments, true quasi-periodic and chaotic 
responses cannot be seen because all real numbers are stored as a finite number 
of digits.
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(a) (c)
Figure 1.12: Poincare map showing iterates 1000-1050 of (1.5) for k =  1 and 
(a) ft =  0.35, (b) ft =  0.32, (c) ft =  0.29.
1.3.1 D iscrete  dynam ical system s
This behaviour is perhaps best illustrated with a discrete dynamical system 
(Sandefur, 1990). In contrast to dynamical systems like the pendulum which vary 
continuously, discrete systems are used to study quantities which only change at 
discrete points in time. The position (cj) of a nonlinear forced oscillator (Thomp­
son & Stewart, 1986, p. 285) at the time-step n +  1 is given by
cjn+i =  un +  2irQ +  k sin un, (1.5)
where un is the current position, ft the ratio of the natural and forcing frequencies 
and k the amplitude of the nonlinearity. Plotting sin a; against cos a; gives a 
Poincare map (in this case a circle map); Fig. 1.12 shows 50 iterations of (1.5) for 
three different values of ft. (The first 1000 iterations are not plotted to eliminate 
any transient effects.) Figs. 1.12(a) and (c) show that the behaviour repeats every 
third and fourth iteration when ft =  0.35 and ft =  0.29 respectively, indicating 
that the response is periodic. However, when ft is 0.32, the scattering of points 
of Fig. 1.12(b) indicates that the response is probably either quasi-periodic or 
chaotic, although in theory it could be periodic. Presenting the information in 
this manner is impractical as each only shows the behaviour for one value of 
ft and k — in effect it is equivalent to Fig. 1.7(a) which shows the interaction 
between two specific modes at one particular length. An Arnol’d tongues plot 
(Arnol’d, 1965) summarizes mode locking in the forced oscillator for all values of



















Figure 1.13: Arnol’d tongues for (1.5). The three crosses relate to the cases 
plotted in Fig. 1.12.
Cl and k: in the present thesis this same idea is used to show all mode interactions 
for all plate or strut lengths.
1.3.2 A rn ol’d ton gu es
The mode locked behaviour of the forced oscillator can be determined from the 
steady-state frequency ratio Cl (Hilborn, 1994), where
ft =  lim (J g)
n —> 0 0  2 7 m
If f2 is rational then the solution will repeat after an integer number of time-steps, 
indicating that the behaviour is mode locked, while an irrational value implies a 
quasi-periodic or chaotic response. These values of Cl can be used to construct 
an Arnol’d tongues plot — the cusp-shaped loci of Fig. 1.13 mark the positions 
of saddle node bifurcations in the parameter space of the ratio of the natural to 
forcing frequencies and the amplitude of the nonlinearity. Mode locked solutions 
lie within the tongues, and therefore the tips meet the real line at the positions of 
the rational numbers; quasi-periodic behaviour occurs in the regions outside the 
tongues. The three crosses plotted in Fig. 1.13 correspond to the examples shown
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in Fig. 1.12; the two periodic solutions lie inside tongues and the quasi-periodic 
one lies outside. The ratio where the tongue meets the Q axis gives the period — 
for the examples shown |  and Q, = \  indicate repetition after 3 and 4 time- 
steps respectively, confirmed by Figs. 1.12(a) and (c). Above k =  1 the tongues 
can cross leading to complex behaviour and a chaotic response (Thompson & 
Stewart, 1986).
Arnol’d tongues have been used in a diverse range of physical problems: frequency 
locking in lasers (Winful et al., 1986); the mixing of chemicals in a tank reactor 
(Pugh et a l , 1986); predator-prey models in biology (Kot et al., 1992); nonlinear 
digital filters (Galias, 1995); and Josephson junction arrays (Das et al., 1996) for 
example. Although not always strictly Arnol’d tongues, all share two common 
features — a ratio of two frequencies plotted against a nondimensional ampli­
tude and tongues which meet the frequency axis at rational positions. However, 
problems more closely related to mode jumping in the plate are the strut sub­
jected to periodic forcing (Timoshenko & Gere, 1961) and the inverted pendulum 
(Acheson, 1993), both of which can be reduced to the Mathieu equation (Jordan 
k  Smith, 1987). Mode locking for these systems occurs outside the tongues: this 
is opposite to the example above which is summarized in Fig. 1.13. For the strut 
and plate problems the cusps mark the locus of the secondary bifurcation points 
under changing length, and therefore regions outside the tongues relate to locking 
onto the uncoupled solution (see Fig. 1.7(a)). In addition to giving the limit of 
stability, the tongue representation also gives the ratio between the two natural 
frequencies (or wavelengths) of the interacting modes.
1.4 Thesis outline
Mode jumping has been predicted and observed for a variety of different loading 
conditions: here, to allow a wide range of boundary conditions to be considered, 
interest is restricted to the most common case of in-plane loading (Fig. 1.3(a)).
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This also enables the stru t on a stiffening elastic foundation to be used as a 
heuristic model for the plate; results presented in this thesis show clear similarities 
between the two systems. No new experimental data is presented in this thesis 
to validate the theoretical results: instead, existing models — whose derivation 
is given in the next chapter — are used to investigate the effects of boundary 
conditions in isolation from those due to imperfections.
1.4.1 Sim ply-supported strut
Mode jumping in the relatively straightforward strut model is presented in Chap­
ter 3. Restriction to simply-supported boundaries allows the problem to be ap­
proached from two perspectives: the classical theory of elastic stability (Thomp­
son & Hunt, 1973) and the modern numerical continuation code a u t o  (Doedel 
et a l , 1995). The modal approach is used to find the secondary buckling loads, 
while comparisons with numerical results highlight the dominant contaminating 
modes. In addition, the analogy with mode locking in dynamical systems is intro­
duced, showing how the secondary bifurcation points for all pairs of interacting 
modes at all lengths are described by an Arnol’d tongues plot (Hunt & Everall, 
1999).
1.4.2 Sim ply-supported plate
The work on mode jumping reviewed above highlights the advantages and dis­
advantages of the two main solution methods: the analytical approach allows a 
wide range of results to be generated relatively quickly, but it is effectively re­
stricted to simply-supported boundary conditions; numerical solutions are more 
accurate for the full range of boundary conditions but are more time consuming. 
Here a third approach is also used. The von Karman equations are reduced to a 
series of ODEs using the Galerkin procedure and solved with AUTO. Solutions by 
this method — previously used for the axially-compressed cylinder (Lord et al.,
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1997) — are compared with the full analytical and numerical solutions. The 
post-buckling behaviour for two sets of in-plane boundary conditions is again 
summarized using Arnol’d tongues. Finally, AUTO is used to explore the coupled 
behaviour in detail (Everall k  Hunt, 1999a).
1.4.3 Effects of the boundary conditions
This new contribution is completed in Chapter 5, where a wide range of both 
flexural and in-plane boundary conditions are investigated. Presentation of the 
results in a consistent manner allows easy comparisons to be made, with changes 
in boundary conditions mirrored by changes in the shape of the Arnol’d tongues. 
The full range of flexural boundary conditions is considered for the strut, includ­
ing those lying between the extremes of simply-supported and clamped (Everall 
k  Hunt, 1999b; Everall, 1999); in the plate problem, four combinations of simply- 
supported and clamped boundaries are considered in conjunction with two sets 
of in-plane constraints (Everall k  Hunt, 1999c; Everall k  Hunt, 1999d).
1.4.4 Conclusions and further work
Chapter 6 draws the thesis to a close by summarizing the results and their possible 
implications for practical applications. A number of possible extensions to this 
work are also discussed.
Chapter 2
Governing equations
The thin elastic plate undergoing large lateral displacements is a classical problem 
with the roots dating back to von Karman (1910) and beyond. The assumption 
of “thin” plates allows the theory of simple bending and plane stress to be used, 
removing any dependence on the z coordinate of a three-dimensional reference 
frame (see Fig. 2.4, p. 44) and thus simplifying the governing equations (generally 
known as the von Karman large deflection equations). Obviously this formulation 
does not apply to all practical situations, and hence a number of alternative plate 
models have been developed for a variety of different geometries and materials. 
However in general these systems are more complex; the behaviour of “thick” 
plates for example is dependent on x , y and 2 (Reissner, 1947; Mindlin, 1951) and 
hence the equations are time-consuming to solve. Similarly, composite materials 
and laminated (layered) plates — commonly used where weight is im portant — 
introduce two further complications; anisotropic materials (whose properties are 
different in different directions) and compatibility between the different layers 
(see for example Szilard, 1974).
Mode jumping has been observed experimentally in composite and laminated 
plates (Jensen &; Lagrac, 1988; Romeo & Frulla, 1994); however the complexity 
of the equations means that prediction of coupled behaviour either analytically or
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numerically would be difficult. Therefore — as with the majority of the research 
discussed in the previous chapter — mode jumping in thin isotropic plates is 
considered here. The relative simplicity of the von Karman equations means 
tha t the post-buckling stability can be compared for a wide range of boundary 
conditions (Fig. 1.10) and all plate lengths.
Although these equations only describe the elastic behaviour, the applied load to 
cause yielding (plastic behaviour) in thin plates is estimated (von Karman et al., 
1932) to be several times the critical load {Pc ). This is supported by experi­
mental results (Stein, 1959b) where transition from elastic to plastic behaviour 
was observed at 2P c for a plate with a width-to-thickness ratio of approximately 
65 — more importantly this transition occurred after the first mode jump. It 
is therefore reasonable to assume that the post-buckling response remains in the 
elastic regime. In addition, the elastic behaviour of the strut conserves energy 
and so when the load is removed the system returns to the original flat state. If 
plastic deformation was included there would be dissipation of energy and the 
system would be nonconservative.
Two alternative but complementary formulations are used, the energy integral 
and the von Karman equations; in this treatment the former is found more use­
ful for analytical methods and the latter for numerical techniques. Both these 
representations are derived in detail in a number of textbooks (see for example 
Timoshenko & Gere (1961), Bulson (1970) and Szilard (1974)). Here the deriva­
tion of the total potential energy is outlined for the supercritical strut and plate in 
the next section: application of the calculus of variations is then used to convert 
these energy integrals into the equivalent differential equations.
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Figure 2.1: Strut on an elastic foundation.
2.1 Total potential energy
2.1.1 Axially-com pressed strut
The total potential energy (V) for an incompressible elastic strut of length L  
(0 < x < L), compressed by an axial load P  (which retains its magnitude and
in Fig. 2.1 — is the summation of three components: the energy required to bend 
the stru t ([/*,); the energy stored in the foundation (17/); and the work done by 
the load (Ui). Substituting into Koiter’s expression (1.1) gives
The final term (Ui) is subtracted because it represents external work done rather 
than energy stored in the system.
The strut is incompressible and therefore the overall length will remain constant. 
However the action of bending will cause equal and opposite compressive and 
tensile stresses (see Fig. 2.2(a)) to occur at positions either side of the centreline 
(the neutral axis). The change in bending energy for a small element of length 
dx, due to the applied moment M  causing a rotation d0, is given by
direction as the strut deflects) and supported by an elastic foundation — as shown
(2 .1)
dUb =  ^Mdd. (2.2)
By taking rotational equilibrium about A  in Fig. 2.2 and rearranging, the moment







Figure 2.2: (a) Strut in bending, (b) Cross-section of the strut. 
M  can be expressed in terms of a stress distribution
.i/2
M  = / t z 0
■t/2
*bz dz. (2.3)
(Note that bending out of the x-z plane is assumed to be absent.) Using the 
assumption that plane sections remain plane and perpendicular to the neutral 
axis, the strain ex at a distance z from the centreline is
rd9 — (r — z)d6 _  z 
rd6 r
(2.4)
This assumption is only valid if both the depth d and the angle d6 are “small”, 
and is similarly relevant to the plate problem. The maximum allowable thickness 
(depth) is generally limited to one-tenth of the plate width (Szilard, 1974) — in 
practice the ratio is usually much smaller (Stein, 1959b; Watson, 1998) and thus 
it is not a significant limitation. Therefore although deflections may be several 
times the plate thickness, they are negligible in comparison to the length and 
hence the corresponding angles are also moderately small.
Considering for the moment a two-dimensional plate, the assumption of plane 
stress,
0z — 0) TXz — 0, TyZ —  0, (2.5)
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and isotropic materials give the following Hooke’s law stress-strain relationships 
(Timoshenko &; Goodier, 1970),
1 1 1 2
£ x =  —  { f fx ~  W y )  > £ y  ~  { & y  ~  V & x )  > I x y  ~  ~QT xy ~  ^ Txy’
where E  is Young’s modulus and v is Poisson’s ratio. Direct stress and strain 
are denoted by a  and e and shear stress and shear strain by r  and 7 : subscripts 
refer to the assumed Cartesian coordinate system. Rearranging gives
E E  E
° x  ~  \  — 1/2. (£ x  U £y ) ,> a v  =  1 _  jy2 ( £ y  Txv  =  2(Y d -~ i7) ^ xy
For the one-dimensional incompressible strut, ay and rxy in (2.6) are zero and 
hence the expression for ax reduces to
ax =  Eex. (2.8)
Using this expression to substitute strain (2.4) for stress in (2.3) gives
where I  is the second moment of area (more commonly written as -ff-). Com­
bining the approximation for small angles (see Fig. 2.3)
dw d9 d2w /n „ _
^  ( 0)
with the expression for arc-length (dx =  rdO) gives the radius r in terms of the 
vertical displacement u;,







Figure 2.3: End-shortening. 
Equations (2.2), (2.9) and (2.11) give
df/„ =  Iji/d  e =  \ - E i d  e =  \
2 2 r2 dx2 2 dx2 dx
(2 .12)
and a further substitution for 0 (2.10) yields the bending energy for an element 
of length dx;
(2.13)
The deviation of the strut from the initial flat state causes the foundation to be 
either stretched or squashed. For convenience Fig. 2.1 shows a strut supported by 
a finite number of springs; in practice a continuous elastic foundation providing 
a force K w  +  Cw 3 per-unit-length is used. The nonlinear component (Cw3) is 
included to give a stable post-buckling response and provide a heuristic model 
for the plate. A cubic nonlinearity is chosen so that the resulting energy func­
tion carries a fundamental symmetry — containing only even powers of w — so 
positive and negative deflections, w(x) and —w(x), have the same energy. The 
energy stored in a foundation of length dx due to a deflection w is
dUf =  dx J  (K w  +  C w 3) dw =  ^ K w 2 -I- ^Cw4 j  dx. (2.14)
The work done by the load is given by PA, where A is the total distance moved by 
the applied load P. Using Pythagoras’ theorem and Fig. 2.3 the end-shortening
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due to a rotation 9 is
dA = dx — V  dx2 — d w2 =  dx — dx
2
(2.15)
This expression is simplified by again assuming small angles,
(2.16)
and therefore work done for an elemental length is
(2.17)
Substituting the expressions for bending energy (2.13), foundation energy (2.14) 
and work done (2.17) into (2.1) and integrating over the length gives the total 
potential energy for the strut of Fig. 2.1,
where w represents deflection away from the foundation and dots denote differ­
entiation with respect to x.
2.1.2 Axially-com pressed plate
The total potential energy for a flat plate of unit width (0 <  y < 1), length L  
(0 <  x < L) and thickness t, under biaxial compression (shown in Fig. 2.4) is
where Ub is bending energy, Um is the membrane energy due to in-plane com-
J o V
(2.19)
pressibility and Ui is the work done by the applied loads. Rewriting the equations
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Figure 2.4: Flat plate under compression.
for ex (2.4), 9 (2.10) and r (2.11) with subscripts to denote the relevant axes gives
Ex — 5 £y =  5 (2 .20)r
dw dw
1 W dx ' d y ’ (2'21^
and
1 ^  d2w 1 ^  d2w
rx dx2 ’ ry dy2
(2 .22)
In the plate problem Ub has components due to bending moments in the x and 
y directions and twisting moments providing shear stresses on the element faces. 
The energy due to curvature in the x direction for an element of size dxdy  is 
given by (2.3), with s replaced by dy. Using the two-dimensional expression for
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stress (2.7) and then substituting for the strains (2.20) and radii (2.22) gives
• i / 2/ z (crxz d y )  dz
■t/2
=  z  o d y  /  ( £ x +  V £ y )  Z  d z
1 v  J- t /2
■ r
E t 3 ( d2w d2w \
~  12(1 — i/2) ( & ?  +  I/d y V  V 
= D ( * Z  + v * E ) dy , (2.23)
\  dx2 dy2
where .D is the flexural rigidity of the plate, defined by
D = m ^ y  (2 -24)
and generally known as the plate constant. The bending energy due to Mx (2.2) 
is therefore
iTT 1 n  d2w \dU w ' )  =  ^ M xdffx =  - D  +  v — j  ddxd y
cPw d2w \  dSx J J
fa? + )  ~dx=  H
= M S + -  $ ) £ “ *  (2 2 5 )
The two other components can be derived in a similar manner (see for example 
Timoshenko & Gere (1961) or Bulson (1970)) and the total bending energy is
2  G o v e r n in g  e q u a t io n s 46
given by
d Ub = - D (
d2w d2uA d2w f  d2w d2w \  d2w
dy2 J dx2 \  dy2 dy2 )  dy2dx2
x (  d2w \ 2 
( d2w d 2w (  d2w \ 2f d 2w d2w \  . . I f
dy2)  V ycte2 dy2 \ dxdy
dxdy
dxdy.  (2.26)
The two second derivatives in the direction of the principal axes describe the 
curvature of a surface (Timoshenko & Woinowsky-Krieger, 1959): when both 
are zero the corresponding radii are infinite and the surface is flat; if one is 
non-zero then the deformation is cylindrical. Both these surfaces are developable 
and can be formed without stretching the mid-plane. In contrast, the buckling 
of a plate supported on all four edges has two non-zero derivatives, indicating 
curvature in both directions, called positive Gaussian curvature. This surface 
is nondevelopable and the mid-plane of the plate has to stretch. Consider the 
uniform stretching of the element dxdy  due to the stress a x. As with a spring 
the stored energy is |  x Force x Distance, and therefore
d^m (ax) =  ^((Txtdy){£xdx)  =  (axex ) dxdy.  (2.27)
After adding similar components from ay and rxy (Timoshenko & Gere, 1961) 
the total energy due to in-plane stretching is
dUfn — ~t (axex “I- (fy£y “I- Txy'yxy) d x d y ) (2.28)
and substitution of (2.6) gives
dUm = ~  (ax(ax -  VGy) +  ay(ay -  v a x) +  2(1 +  ^)r^y) dxdy.  (2.29)
It is this energy component which gives the stable post-buckling response, mod-




elled in the one-dimensional strut system by the stiffening nonlinear component 
of the foundation.
With compressibility included to allow for stretching, the in-plane displacements 
(u and v in the x and y directions respectively) must also be included when 
calculating the end-shortening. Using the dimensions shown in Fig. 2.5 and the 
approximation for small angles, the mid-plane strain ex is
du 1 ( d w \ 2 , x
‘ ■ = k + 2 U J  <2 M)
The work done in the x direction per width dy  (Force x Distance) is
=  (foxdy)(du) =  (toxdy)( ^ d i )  =  -  \ ( j ^  j  dxdj/
=  t o x ~vo y ) -i ( ^ )  j (2.31)
Similar expressions can be formulated for the work done by ay and rxy (Timo­
shenko & Gere, 1961):
d tv , )  =  toy - V - i  ( | ^  j  d x d y ,
dt/i(r„) =  tTXy(1 (1  +  v ) T  d id  (2.32)
Adding and integrating the separate contributions (2.26), (2.29), (2.31) and (2.32)
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gives the total potential energy for the elastic plate:
t/ 1 n f 1 f L ( d2w d2uA2 ( d2w d 2w (  d2w \ 2\
“ 2 i  I  ( a ?  + fy * )  “  ( } ( a ? W  ~  ( a ^ J  )  * y
|   ^ /*1 pL
+  2 E  I  I  K  + ffv) 2(J + " ) ~ ri9) dld!/
- H I  I  ** (2K ■Ws) ■ K £)) ^
t  f 1 f L (  dw d w \
~ e J0 I  Tx'J \ 2(l + V)T* * - E ^ ) dxdy  
~  B  Jo I  ay ( 2(<J" " W,) " E  ( S O  )  dldy- (2 33)
It is advantageous to split the stresses (crx, oy and rxy) into two components: one 
relating to uniform compression due to the average applied loads (Px and Py) 
and a stress function (</?) measuring the deviation from this uniformly compressed 
state, giving
_  p a y  p x _  a y  F a y  p y
x ~  d i f  t  ’ xy ~  d x d y ’ y ~  dx> t ' ( )
For convenience Px and Py are defined to  be positive in compression and act 
over a unit length in the x  and y directions respectively. (It is assumed that 
there are no applied shear loads.) The expressions for ip are chosen because 
they automatically satisfy equilibrium on a small element (shown in Fig. 2.6 and 
normally used in the derivation of the governing differential equations) in the x  
and y directions,
drxy _  /  g y  d3<p \
dx dy \ d x d 2y  dxd2y )  ’
Substituting (2.34) into (2.33), neglecting constant terms — which fall out in the
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Figure 2.6: Stresses acting on a small element in the (a) x and (b) y directions.
later differentiation — and simplifying, leaves
-* jCT 3 s£ £ -"
- 5  r  r  ( ' ■ ■ - “ § ) (  | 2 m
This traditional notation is somewhat long-winded and so for the remainder of 
this thesis dots and primes are used to denote partial differentiation with respect
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to x  and y . Thus the previous equation can be rewritten as
V  — \-D f  f  (w + w )2 — 2(1 — v)(ww — w2) dxdy
2 Jo Jo
-  \-E t [  [  (p  +  p f  -  2(1 +  v) (p p  -  p 2) dxdy 
2 Jo Jo
j  J  i P * ~  Et(p)™2 dxdy
-  E t I I pww dxdy
Jo Jo
-  \  f  f  {Py -  Et<p)w2 d x d y .  (2.37) 
2 Jo Jo
Integrating by parts gives an alternative (and possibly more familiar) form:
V  =  j-D (  f  (w + w )2 — 2(1 — v) (ww — w2) dxdy
2 Jo Jo
-f ]-Et f  f  (p  +  dp)2 -  2(1 +  v)(tjpp -  p 2) dxdy 
2 Jo Jo
P zW 2 d x d y
— E t f  (  p (V *p  — w2 +  ww) dxdy, (2.38)
Jo Jo
where the last double integral is a Lagrange multiplier (Lord et a l, 1998) and
V 4  •••• , o  " "  i " "p  — p  + 2  p  +  p  .
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2.2 Differential equations
2.2.1 Axially-com pressed strut
Equation (2.18) represents the total potential energy of the strut system. For 
equilibrium, V  must be stationary: in the discrete general theory of elastic sta­
bility (Thompson &, Hunt, 1973) a series of modes (1.2) are substituted, the 
integral evaluated and the stationary points found using the first derivatives; an 
alternative method is the calculus of variations which gives the stationary points 
in the form of a differential equation and a number of constraints. While solu­
tions using a modal approach depend on the number and choice of modes, the 
differential equation can be solved numerically and the resulting solutions are 
not dependent on any prior assumptions of the deflected shape. The following 
analysis is a summary of the calculus of variations for this application.
The energy integral for the stru t (2.18) is of the form
For equilibrium to be satisfied, the integral (V) of the Lagrangian (C) must be
(2.39)
stationary with respect to the spatial variable x, i.e. the first variation (Craggs, 
1973),
(2.40)
is zero. Integrating by parts gives
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and after substituting
C =  \E Iiii2 -  \ p w 2 +  \ k w 2 +  \ c w 4 (2.42)
Z Z Z t
from (2.18) the following expression is obtained;
SV  =  — ^ [ E I w ) 8 w  +  PwSw
+ j f  ( ^ S E I ™) +  ^ ( Pw ) +  {Kw  +  Ciu3) )  6w dx. (2.43)
For V  to be stationary SV  must disappear for all 5w. Therefore the bracketed 
terms inside the integral must be zero, leading to the Euler equation
E Iw  +  Pw  +  K w  +  Cw3 =  0. (2.44)
Similarly the terms outside the integral must also vanish, giving the following 
constraint:
r i L
EIwSw — EliijSw  +  Pw6w\ = 0. (2-45)L J o>
As (2.44) is a fourth-order ODE, four boundary conditions are required. No 
vertical displacement at either end (Sw = 0) eliminates the second and third
terms, while the first term is satisfied by either simply-supported (free to rotate)
or clamped (no rotation) ends. The boundary conditions for these two cases are 
defined respectively by
u;(0) =  w(L) =  w(0) =  w(L) =  0, (2-46)
and
w( 0) =  w(L) =  w( 0) =  w(L) =  0. (2-47)
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2.2.2 Axially-com pressed plate
The plate problem is two-dimensional and hence the application of the calculus 
of variations is more complicated. The derivation of the first variation,
6 V  = I .  > < "  +  v w )  — Et(pw)Sw  +  2(.D(1 — v)  +  E t(p )w Sw j dy
+ J  — v w )  — E t (pw )6w  dx
♦ j C T  — (Et<p — Px) w  +  2E t(pw  — (Et(p — P y)u)Sj 5 w  d x d y
vdp)5(p —  [(p —  v(p)5ip  +  2(1 4- d y
— J  — v(f)5(p — ( < p  — v<p)6ip - f  2(1 +  v) 05(p^ dx
+ u (  V 4<p — w 2 +  iuui'jScp d x d y , (2.48)
is given in Appendix A (Koiter, 1945). As this equation has to be zero with
respect to each of the variables and their derivatives simultaneously, every term 
in the above expression is also zero. The third and sixth terms give two PDEs, 
commonly known as the von Karman large deflection equations (von Karman, 
1910):
D V 4w  =  ( E t f i  — P x) w  — 2Et(pw  +  (Et(p — Py) w )
V4y? =  w 2 — w w .  (2.49)
The first is an equilibrium and the second a compatibility equation.
Boundary conditions for w are given by the first two integrals. The assumption of 
no out-of-plane deflection on the edges of the plate implies that w =  w = w — 0 
and w = w = id = Oon the short (x =  0, L) and long (y =  0,1) boundaries
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respectively. This leaves
J  D  |wSw d y  =  0, J  D \w5w^ d x  =  0, (2.50)
each of which is satisfied by either simply-supported or clamped boundary con­
ditions. The boundary conditions on (p (the fourth and fifth terms of (2.48)) 
are more difficult. Using the earlier assumption that there are no applied shear 
stresses gives four boundary conditions,
^(0, y) = <p{L, y) =  (p(x, 0) =  <p(x, 1) =  0, (2.51)
which, noting that the rate-of-change of shear stress along the edges will also be 
zero, leaves:
v<p)8ip — <p6(p^  d y  =  0, (2.52)
J  E t J($  — v(p)8ip — dx =  0. (2.53)
Different sets of boundary conditions which satisfy these constraints are defined in 




While the supercritical strut considered here has been largely neglected, the strut 
supported by a nonlinear 5oftening foundation has had a revival of interest, largely 
due to its heuristic role in the description of localized buckling (Hunt et al., 1989; 
Champneys & Toland, 1993). Such responses are fundamentally subcritical (see 
Fig. 1.6), and interest has therefore centred on foundation nonlinearities tha t are 
either asymmetric (Hunt & Wadee, 1991) or symmetric but destabilizing (Wadee 
& Bassom, 1999). Much has been learned by treating the spatial boundary value 
problem as a nonlinear Hamiltonian initial value problem running in time; this 
dynamical systems approach describes the localized response as a homoclinic so­
lution from the flat state to itself (see for example Champneys et al, 1997). Thus 
the understanding of more complex problems such as the twisted rod (Champ­
neys & Thompson, 1996) and the axially-compressed cylinder (Lord et a l, 1997), 
whose behaviour is also described by homoclinic solutions, has been further ad­
vanced by the analogy with the strut on a softening foundation.
Similarly, the periodic response of the axially-compressed strut on a stiffening 
foundation (Potier-Ferry, 1983) can be usefully allied to axially-compressed flat 
plates, where the nonlinear component of the foundation energy is analogous to 
the stabilizing effect of in-plane stretching. However, only a few researchers have
55
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linked this heuristic model to the more difficult plate problem: Stein (1959a; 
1959b) with the link model; the investigation of simply-supported struts by Ue- 
tani (1974) and plates by Nakamura & Uetani (1979); and the imperfection study 
of Johnson (1990).
As with the plate, instability under increasing load is expressed by a pair of 
imaginary eigenvalues — the two corresponding wavelengths give the possibility 
of doubly- or quasi-periodic behaviour — and hence the form of critical buck­
ling is heavily reminiscent of the classical plate response (Timoshenko & Gere, 
1961). However, in a finite-length system double or compound bifurcation points 
are found only sparsely; with simply-supported boundary conditions they occur 
when the ratio between the two eigenvalues is rational. Therefore a discrete bifur­
cation point will typically be encountered and the system will lock onto a single 
mode. As shown in Fig. 1.7, the limit of this mode locking is likely to be marked 
by a jump to a mode of a different wavelength; in both the plate and stru t prob­
lems this change in mode number occurs along the length of the structure and, 
qualitatively, they should therefore have the same post-buckling response.
While the localized behaviour of subcritical structures relates to a homoclinic 
solution in nonlinear dynamical systems, mode jumping in the supercritical stru t 
— and hence the axially-compressed plate — can be linked to the phenomenon of 
mode locking, summarized in the well known picture of Arnol’d tongues (Arnol’d, 
1965). Here the two-dimensional space is marked by the ratio of the competing 
wavelengths and the amplitude at which mode jumping occurs, and shows in­
teractions between any two modes and at all stru t lengths. Certain regions of 
the tongues are determined to be of particular significance, marking the states 
where initially-stable supercritical paths of equilibria lose stability and induce 
the phenomenon of mode jumping.




Figure 3.1: Strut on an elastic foundation.
3.1 Theory
Both the total potential energy and the differential equation for the axially- 
compressed elastic stru t shown in Fig. 3.1 were derived in the previous chapter. 
Initially the differential equation (2.44),
E Iw  H- Pw  4- K w  +  Cws, (3.1)
(where w represents deflection away from the foundation and dots denote differ­
entiation with respect to x) is used to find the initial buckling modes and their
corresponding critical loads. These modes are then substituted into the energy
integral (2.18),
V  = j f  ( \ e I w2 -  i p i t )2 +  h i w 2 +  i c i o 4)  dx, (3.2)
giving a nonlinear energy formulation which, with the theory of elastic stability 
(Thompson &; Hunt, 1973), allows the post-buckling stability to be investigated 
analytically.
3.1.1 Nondim ensionalization
To simplify the equations without substituting specific values for the material 
properties (E , I), spring stiffness (K ) and monlinearity (C), it is useful to nondi-
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mensionalize the Euler equation (3.1), giving
w + p w  + w + ws = 0, (3.3)
where
p = v m ’ (34)
and dots now denote differentiation with respect to x  defined by,
* = (3-5)
The energy integral (3.2) can be nondimensionalized using the same relationships;
v  = Q ®2 -  i p ®2 +  ^®2 +  i® 4)d i .  (3.6)
3.1.2 Linearization and root structure
For small w the nonlinear term of equation (3.3) vanishes, leaving,
w + p w  + w = 0. (3.7)
If w =  AeAx, the characteristic equation is
A4 +  pA2 +  1 =  0, (3.8)
and hence
a 2 = - | ± v t - 1 - ( 3 -9 )
3  S im p l y - s u p p o r t e d  s t r u t 59
n n n
(a) (b) (c)
Figure 3.2: Eigenvalues of equation (3.7) in the complex plane; (a) 0 < p  <  2 
— four complex eigenvalues, (b) p =  2 — two repeated imaginary eigenvalues, 
(c) p  > 2 — four imaginary eigenvalues.
This leads to four eigenvalues,
a  =  W | t
I p *
- i , (3.10)
whose movement for p > 0 is summarized in Fig. 3.2. When p > 2 the values 
of A are pure imaginary — substituting them back into the initial expression 
(w — AeAs) gives the general solution
w = AieiAl* +  A 2e~lXl* +  A3eiA2* +  A 4e~iX2£ (3.11)
where
»  =  A . - V S  +  ^ - . . (3.12)
Rewriting as a series of harmonic functions gives
w = B i sin Aix +  B 2 cos Ai# +  jB3 sin X2x  +  cos \ 2x , (3.13)
where the negative eigenvalues have been absorbed by the real constants B \, B 2, 
B$ and B±, obtainable from initial conditions in case of an initial value problem 
(IVP) and boundary conditions in the case of a boundary value problem (BVP). 
There are thus two possible periodic solutions to the linearized equation: if the
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ratio of the wavelengths is rational a modulated periodicity can arise; if it is 
irrational, this will be replaced by quasi-periodicity.
3.1.3 Critical loads
If a strut of nondimensional length I has simply supported ends, B 2 = =  0 in
(3.13) and only the sine terms apply. The solution may now involve combination 
of two waves of different wavelengths, but again only if their ratio is rational; if 
the two forms have a and b half-waves over the length I, wavelengths are 21/a  and 
21/b  respectively, giving Ai =  an/I (say) and A2 =  bn/I, and hence Ai/A2 =  a/b. 
Quasi-periodicity, for which Ai/A2 is irrational, is now necessarily absent, being 
only approachable in the limit as I —► oo.
Typically a BVP solution will lock into a single wave. To demonstrate this the 
characteristic equation (3.8) is rewritten with p  as the subject and A is substituted 
in terms of Ai to give the critical loads for buckling into a half-waves,
a a  2  1  a  2  1  Q2™2 I2 / o  a \
P ~ ~  _ A 2 = 1  +  3 ^ _  ~ P ~ + a V '   ^ ^
(Alternatively, working with (3.1) would have given the critical load
^ ,  - j g i + (3. 15)
L 2 n laz
which repeats (3.14) in dimensional terms.)
Plotting p  against I for each value of a gives the curves of Fig. 3.3, familiar also 
from the linear buckling of simply-supported plates (Timoshenko & Gere, 1961). 
The sequence is classical in nature. Each curve has a minimum at p =  2 (below 
which no buckling can occur) and is double-valued for p > 2: this corresponds to 
the two possible values of A, where the shorter wavelengths (oc 1/A2) lie to the 
left of the minimum and the longer wavelengths (oc 1/Ai) to the right. For any 
length I, the critical load for each mode a is found where the vertical line at I





Figure 3.3: Critical load variations with length. (Note the curve a = 1 has not 
been labelled.)
intersects the corresponding curve. Typically this critical state will be discrete 
(Thompson & Hunt, 1973), although compound critical states also arise where 
two curves cross. The length at these points can be found by setting pa = pb
(3.14) and rearranging;
It is only at such intersection points that both Ai and A2 modes are allowable, 
giving the possibility of modulated periodicity. Although Ai/A2 — given in terms 
of load by the following expression,
a V  I2 62tt2 I2
 1" ~o T —  1" To-I2 a2 7T2 I2 b2 7T2
a2b2TT2
=> I = irs/ab. (3.16)
(3.17)
— is irrational when pa ^  pb, the post-buckling form is periodic containing either 
a (B 2 =  B3 =  £4 =  0) or b [B\ = B2 =  B A = 0) half-waves. If pa is the 
minimum critical load, this uncoupled supercritical path would be expected to
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be stable. However its stability may be curtailed by a secondary bifurcation 
marking a jump to a periodic solution of a different wavelength; the extent of 
locking onto the initial uncoupled mode is explored below using the full nonlinear 
energy formulation.
In the remainder of this chapter the nondimensional equations are used and the 
bar dropped.
3.2 Nonlinear energy formulation
For the BVP with simply-supported ends, the Fourier series representation,
oo . m nx /nQm sm —-—, (3.18)
m = l
is available to express all possible equilibrium states in the nonlinear regime. 
Substituting a single mode of a half-waves into the nondimensionalized energy 
function (3.6) and integrating gives
K = \ n r Ql -  v ~ r p Q l+ \ l Q l + h lQ*' (3-19)
which, after rearranging and a substitution of pa (3.14), simplifies to
v  =  i lQia ~  v ~ r  to ~ pa) Q l  (3'20)
It is common practice (Thompson & Hunt, 1973) to rewrite this as
V  = ^VaaaaQi + (p -  pf) Q l  (3.21)
where
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Significantly (3.21) contains quadratic and quartic terms only; even after substi­
tution of the full expression (3.18) all linear (e.g. Qa) and cubic (e.g. Ql) terms 
are absent and the quadratic form is diagonalized (i.e. there are no QaQb terms 
where a ^ b ) .  No energy term can involve more than four different components, 
and any particular quartic term of interest can thus be determined from a sum­
mation of just four modes,
_ . aitx _ . bnx _ . cnx _ . dnx . .
w = Qa sin —-— h Qb sin —-— h Qc sin ——  +  Qd sin —j - , (3.23)
where a, 6, c and d are (as yet unspecified) positive integers. The total potential
energy (3.6) for the full set of modes (3.18) can therefore be expressed in the
following manner:
OO OO OO OC 1 0 0
V  = 24 1C  £  T ,  £  VabciQaQbQcQd +  - ^ V « ' ( p -  pa) Q l  (3.24)
a = l 6=1 c = l d=  1 a = l
It can readily be verified by a standard algebraic manipulation package such as 
m a p l e  (Heck, 1996), that all the non-zero quartic coefficients are represented in 
the following list,
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where a, b, c and d are all different from one another and again
& V  d4V
Vaaaa = 3Q4’ VaM = dQ ldQ i' 3^ '26^
etc.
3.2.1 Fundamental solution and initial bifurcations
In general exact solutions require a large number of modes; however in practice 
only a relative small number can be used. This truncated Fourier series approxi­
mation is called a Rayleigh-Ritz analysis (Szilard, 1974). The first axiom of the 
theory of elastic stability (Thompson & Hunt, 1973) states that the equilibrium 
states for this potential energy function are given when all the first derivatives,
dV  dV  dV
dQa dQb' " m'd Q n ' }
are zero. The absence of constant terms in the resulting set of equilibrium equa­
tions means that a fundamental solution, Qa =  Q& =  • • • =  Qn =  0, exists for all 
P-
Thompson & Hunt (1973) also state that the change in stability of a solution 
path always coincides with a limit point or the crossing of equilibrium paths; thus 
for a one degree-of-freedom (d.o.f.) system the intersection of the fundamental 
path with a supercritical uncoupled periodic solution is given where the second 
derivative of (3.21) is zero. Unsurprisingly, this linear eigenvalue result gives the 
same critical loads as (3.14).
This uncoupled solution emerges from the critical state as a pure sine wave but, 
because of the cubic nonlinearity (3.3), it is contaminated by odd-powered har­
monics (3a, 5a etc.) as the deflection Qa grows. A crude solution ignoring har­
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monies (Qb = Qc =  • • • =  Qn =  0) is,
P = Pa - ~ P - Q l  (3.28)
6 raa
Analytical solutions presented below are based on this simple one d.o.f. approxi­
mation with the harmonics ignored, and can be taken to be asymptotically correct 
as Qa —» 0. The differences between asymptotic and full behaviours are explored 
later in Section 3.4 using the boundary value solver AUTO (Doedel et a l, 1995).
3.3 Coupled behaviour
Intersections of the curves of Fig. 3.3 identify two-fold compound critical states 
where two waves of different wavenumbers a and b have the same critical load. 
The defining potential function for this two d.o.f. system (excluding the special 
case b =  3a when a Vaaab term must be included) is
V = -^ VaaaaQa + V^aabbQaQb + T^ VbbbbQb
+ \ v L {p -  Pa)Q i +  \ v l b{p -  vb) Q l  (3.29)
The absence of cubic terms marks this as a double-cusp catastrophe (Thompson 
& Hunt, 1984) which, depending on relative sizes and signs of the coefficients, 
can take a number of different forms (Poston & Stewart, 1978). Differentiation 
of (3.29) with respect to Qa and Q& gives
g K a a o Q o  +  2 VaabbQaQb +  K a ( p  ~  P ° ) Q i
^VaabbQaQb  +  ~VbbbbQb +  Vbb(p ~  Pb) Q b • (3.30)
All possible equilibrium states of this system are described by these two equations. 
For example, substitution of Q a =  Qb  =  0 gives the fundamental solution, while
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Qa ^  Qb = Q and Qa = 0 ^  Qb leave equations for the uncoupled buckling into a 
and b half-waves respectively. Elimination of p leaves a single equation (Supple, 
1967),
(3VLVaabb -  V{l,Vmaa)<£ + {VLVum, -  3VibVaM)Q i = Q V M ( p b -  p“), (3.31)
which describes the coupled behaviour (for which Qa and Qb are both non-zero). 
Thus if coupled solutions do exist, they project onto the Qa~Qb base plane either 
as a hyperbola or an ellipse.
Both are found in the stru t system. Substituting from the list of coefficients 
(3.25) gives,
(62 -  2a2)Q 2 +  {2b2 -  a2)Q 2 =  ~ P a). (3.32)
W ithout loss of generality it can be assumed that a < 6, and hence the coefficient 
of the second term is always positive. If a < b < \f2a, the first coefficient is 
negative and the hyperbolic form, with the equilibrium path behaviour shown 
schematically in Fig. 3.4, is obtained. Uncoupled paths appear at p = pa and p =  
pb on the fundamental path. A pair of secondary bifurcations, labelled accordingly 
either sa or s*,, always appears on one of these paths. As the two critical states 
exchange positions on the fundamental path, the secondary bifurcations switch, 
such that they always appear on the upper uncoupled path. Therefore the lower 
uncoupled path is always stable and mode jumping cannot occur.
If on the other hand b > y/2a, the first coefficient is positive and the elliptical 
form of Fig. 3.5 is obtained. For pa < pb the right hand side of (3.32) is positive, 
and the ellipse intersects the uncoupled paths at the four secondary bifurcation 
positions shown as sa and s&. This is the situation for slightly shorter lengths than 
tha t of the compound state, just to the left of the relevant intersection point of 
Fig. 3.3. For longer lengths to the right of the intersection point, pa > pb, the right 
hand side of (3.32) is negative, and the coupled path vanishes. The equilibrium





Figure 3.4: Equilibrium paths of energy function (3.29) when b <  \/2a; (a) p a < 
p b, (b) p a =  p b, (c) p a > p b. Stable paths are shown as solid lines and unstable 
paths as broken lines.
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(a)
Figure 3.5: Equilibrium paths of energy function (3.29) when b > \[2a\ (a) pa <  
pb, (b) pa =  pb, (c) pa > pb. Stable paths are shown as solid lines and unstable 
paths as broken lines.
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configurations of Figs. 3.4 and 3.5 are explored in detail by Supple (1967).
3.3.1 Stability
Secondary bifurcation positions are readily determined from either (3.31) or (3.32) 
by setting Qa =  0 or Qb =  0 as appropriate. An alternative way of finding 
the intersection of the coupled and uncoupled paths is again to use the second 
axiom of the theory of elastic stability (Thompson & Hunt, 1973): here the linear 
eigenvalue analysis is performed on the uncoupled path (Qa ^  Qb =  0) and the 
secondary bifurcation points sa are given when
d2V
dQi 2
Elimination of p  using (3.28) and rearranging gives
= \VomQI + vs»(p -  pb) =  0. (3.33)
■ <3V 'J Vaa Vaabb ~  VbbVaaaa
which repeats the result given by (3.31). Alternatively, elimination of Qa gives 
the secondary buckling load
sa ___ VaaVaabbP ^bb^aaaaP  f 3  3 5 ^
P 3VLVaabb-V & V aaaa ' ’
The stability of the secondary bifurcations is less straightforward however, and is 
best treated by expanding the potential function about the uncoupled equilibrium 
state via the incremental transformation,
Qa — Qsa Qa i (3.36)
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where QSa is the secondary bifurcation point. Substitution into (3.29) then gives,
V  — VaaaaQsa^Qa d -  ZzVaaaaQsaQa d -  "Z^aaaaQsaQa d -  T^T^ aaaaQaO O O 24
d “ ~^VaabbQsaQb d “ ~VaabbQ saQ.aQb d" ~^VaabbQaQb
+ ^ V hbbbQb + Vaa(p -  pa)Q Saqa + T^Vaaip -  pa)ql + | Vbb( p - p b)Q l
(3.37)
where terms dependent solely on QSa have been ignored as they are constant in
this analysis and hence have no effect on the equilibrium positions. Substituting
the following expression, derived from (3.28),
Vaa{p -  Pa)QsaQa = ~ V aaaaQsaQa (3.38)
cancels the linear terms in qa, giving
V  =  ~jjVaaaaQsaQ.a. d" Q^aaaaQsaQa d “ ~^VaaaaQa 
d -  ~^VaabbQsaQb d" ~VaabbQsaQaQb d" ~^Vaabb0.aQb 
+ j i VbbbbQ t+  l~VL{p -  Pa)ql + \vih{p -  Pb)Q l  (3.39)
It can be seen from (3.33) that at secondary bifurcation into Qb the fourth and
final terms cancel. Moreover for small qa the second and third terms are small in
comparison with the first, leaving
V  ~  ~^ VaaaaQsa0.a d- ^VaabbQsaQaQb d“ ~^ Vaabb0.aQb d” ^~^ ^bbbbQb d“ ~^aa (p P )(7a-
(3.40)
After the substitution
^ Vaaaa Qsa Qa — ^ V aaijP  P  )*7a (3.41)
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(again derived from (3.28)) this leaves,
V  ~  2VaabbQsaVaQb +  jV aabb<&Qb +  T^VbbbbQb ~  V a a (p  ~  P°)?a■ (3-42)
The second term is small compared with the first and can be ignored. Differ­
entiation with respect to qa for equilibrium and rearranging gives the following 
first-order result for displacement away from the secondary bifurcation,
Qa = \  ' Q " Q l  (3.43)
4 Vaa (P ~  P )
Substituting this back into (3.42) gives (after a final substitution for Q2a) an 
effective fourth-order variation in Qb which includes the passive variation in qa:
(3.44)
On substitution from (3.25) this is found to be negative.
In the absence of instabilities with respect to other unspecified modes, the stabil­
ity of the paths on and around the secondary bifurcations of Figs. 3.4 and 3.5 can 
now be summarized: where the uncoupled path passes from stable to unstable 
with increasing p, the coupled path is unstable and bends downwards with re­
spect to the positive p axis; on the other hand, where the uncoupled path passes
from unstable to stable with increasing p, the coupled path is still unstable but 
bends upwards (Thompson Sz Hunt, 1984).
The positions of the secondary bifurcation points relative to each other is also 
important. Substitution of (3.25) into (3.35) gives the load at sa,
P‘° = P “ +  V - 2 a ?  (pb (3-45)
and similarly the load at is
pSb=pb+ at - 2 ^ p a ~ pb}' (3-46)
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Rearranging gives,
1n2h2
pSa — pSb =  -----------r-r-----------r (p & — pa)- (3-47)
P (b2 -  2a2) (252 - a 2y  ^  } V '
Take for example the elliptical case of Fig. 3.5(a) where b > \/2 a and pb > pa. 
Substitution into (3.47) shows that the right-hand side is always positive and thus 
sa lies above Sb with respect to the load axis. Evolution under parametric increase 
in load is then as follows. Buckling into a half-waves occurs at the critical load 
p°, whereupon the system traces the lower, stable, uncoupled path (Qb = 0). The 
upper uncoupled path with b half-waves (Qa =  0) intersects the fundamental path 
at pb > pa, and is therefore initially unstable with respect to Qa. An unstable 
coupled solution path, for which Qa and Qb are both non-zero, intersects the lower 
and upper uncoupled paths at sa and Sb respectively, projecting onto the base 
plane as a closed loop as shown. The lower uncoupled path thus loses stability 
at sa, where, under dead loading conditions, a dynamic jump takes place to the 
upper uncoupled path (Qa =  0), which has stabilized at . This is a mode jump 
from a to b half-waves.
According to this asymptotic description, such jumps are only possible when the 
coupled path is elliptical, i.e. when b > y/2a, pb > pa, and the length is such 
that the system sits to the left of the relevant intersection point on Fig. 3.3. In 
addition, mode jumping always involves an increase in wavenumber (and a corre­
sponding decrease in wavelength). The position of sa is therefore of considerable 
interest, as it marks the limit of stability of the uncoupled path.
3.4 Numerical solutions
To validate the results given by the two d.o.f. Rayleigh-Ritz approximation above, 
the nondimensional ODE (3.3) is solved numerically — this effectively includes 
the full gamut of passive effects and gives “near-exact” solutions. The boundary
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value solver AUTO (Doedel et ai, 1995) has been used to solve a wide range 
of problems, one of the more relevant perhaps being the strut on a softening 
nonlinear foundation (Champneys &, Toland, 1993). In addition this package 
was chosen because, by varying a free parameter (such as load p  or length I) 
for an ODE, it is able to track solution paths and log bifurcation points. This 
solution technique allows a wide range of results to be generated relatively quickly. 
Although it is used here as a “black box” solver, a brief description is given below.
The problem is discretized using the method of orthogonal collocation and auto­
matically adapts its mesh to distribute the error from local discretization evenly. 
The routines for continuation employ predictor-corrector methods which solve 
the problem in two parts; the corrector iterates from the initial “prediction” , 
using a modified Newton-Raphson method, until a solution within the prede­
fined tolerance is found. However, this technique for parametric continuation 
fails at limit points, folds and bifurcation points. The alternative methods used, 
and the numerical detection of bifurcation points, are given in detail elsewhere 
(Seydel, 1994; Doedel, 1997). Switching between different solution paths which 
cross at bifurcation points is possible, such that parameter continuation can be 
performed, for example, along the coupled path of Fig. 3.5(a). In addition to 
the usual boundary conditions, integral constraints can also be placed on the 
problem.
3.4.1 Reduction to first-order form
A u t o  only solves problems composed from a series of first-order ODEs over the 
range 0 < x  < 1. Therefore the variables have to be rescaled;
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Using the chain rule, the first derivative of these new variables is
dw _  dw d wdx  _ l d w  dw . .
dx dw dx dx I dx ’ dx  ’
and using a similar approach,
d2w _  jd2w d3w _  j2dsw d4w _  l3d4w fo
d5? = dx* ’ d& = di* ’ d ^  =  dx*' ( '
Substituting the above into (3.3) gives
which can also be written as four first-order equations,
/ i  =  /*. /„  =  /*, /* =  / . ,  h  = - ( p l 2h  + lt h + l 6f i ) ,  (3-52)
where dots denote differentiation with respect to x and,
r _  ~ _ w r _  dw) _  dw d2w d2w _  d3w _  l2d?w
A  ^  1 5 J 2  1 — J  5 J 3 1 ~ o  1 2  ’ J  4  1 —0  “ 1 o  ■I dx dx dx2 dx2 dxd dxd
(3.53)
The simply-supported boundary conditions (2.46) become
A(0) =  A (l) =  / 3( 0) =  / 3(1) =  0. (3.54)
Equations (3.52) with the boundary conditions (3.54) can be solved by AUTO,
which gives numerical solutions for A, A, A and A-
3.4.2 Comparison with analytical results
The approximation (3.28) for the uncoupled periodic solutions is found to give 
good agreement with the numerical results for moderate amplitudes, but as ex­
pected the odd-powered harmonics have increasing effect as the amplitude grows.
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When b > \/2a, the coupled results given by AUTO show the same qualitative fea­
tures as the elliptical asymptotic form of Fig. 3.5. For small and positive pb — pa, 
the positions of the secondary bifurcations agree well with predictions (3.45) and 
(3.46). As expected, there is no coupled path when pb < pa (Fig. 3.5(c)).
When b < y/2a, s& behaves much as expected, with (3.46) again giving good 
agreement for moderate amplitudes. Secondary bifurcation sa is a different m at­
ter however. For small and positive pa — pb (i.e. just to the right of the relevant 
compound bifurcation point of Fig. 3.3), pSa from (3.45) finds reasonable agree­
ment, but the numerics suggest that extra secondary bifurcations also arise at 
points which are remote from the fundamental path. The coupled behaviour 
predicted from the numerical results is summarized in Fig. 3.6, which has been 
produced by separating BVP profiles into the corresponding periodic compo­
nents. This process highlights the reason for the differing results: the coupled 
path contains additional contaminating modes. Fig. 3.6(a) shows that the cou­
pled path initially reflects the hyperbolic form shown in Fig. 3.4(a) at Qa =  0, 
but then bends back to form a loop. When pa = pb (Fig. 3.6(b)) a remote bifur­
cation sa, not seen in either Fig. 3.4 or Fig. 3.5, exists at a non-zero value pSa. 
As the length is increased slightly so that pa > pb, the remote bifurcation sa on 
the upper uncoupled path moves towards a second bifurcation sa which emerges 
from the compound point (Fig3.6(c)). The coupled solution thus continues to 
exist but its scope is limited; as the length is increased further these two points 
converge and eventually eliminate each other, as seen in Fig. 3.6(d). Thus for 
moderately large \pa — pb\ the response (shown in Figs. 3.6(a) and (d)) is more 
like the behaviour of Fig. 3.5 — with mode jumping occurring when pa < pb and 
no coupled behaviour for pa > pb — than that of Fig. 3.4.
These numerical results clearly show that mode jumping still occurs when b < 
y/2a, with the remote bifurcation sa marking the limit of stability of the un­
coupled path. The corresponding amplitude is liable to be much greater than 
when b > y/2a, as is the difference between pSa and pSb, with presumably a rela­
tively large release in energy associated with the jump. This behaviour is perhaps
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Q a
(c) (d)
Figure 3.6: Equilibrium paths generated from numerical results when b < y/2a; 
(a) pa < pb, (b) pa = pb, (c) pa > pb, (d) pa pb. Stable paths are shown as 
solid lines and unstable paths as broken lines.
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counter-intuitive: it might be expected that in longer structures, where the in­
teracting modes are closer together, that mode jumping would occur earlier in 
the post-buckling regime. However, later comparisons for a sequence of results 
shows that this apparent increase in stability is due to the boundary condition 
effects. Coupled solutions when pa > pb are not of interest as these two secondary 
bifurcations cannot be reached in a normal loading sequence.
3.5 Passive contamination
The comparison of results above shows that the two d.o.f. approximation (3.29) 
is asymptotic, in the sense that it only holds close to the compound critical state. 
The agreement at larger amplitudes can be improved by including other modes 
in the approximation. These are denoted by Greek letters (Thompson k  Hunt, 
1984) and called “passive” modes because, in contrast to the “active” modes a 
and b, they have minimal effect close to the primary bifurcation points. Split­
ting the numerical profiles into separate modes shows that the main interactive 
contamination comes from a mode of amplitude Qa, where a  = 2a — b.
A general scheme for eliminating certain chosen generalized coordinates (Qq, 
Qp etc.) as passive or slave variables is given by Thompson &; Hunt (1984). 
Equivalent to a general Lyapunov-Schmidt reduction (Golubitsky k  Schaeffer, 
1984), the object is to replace the original potential function with one in a reduced 
number of degrees of freedom; the coefficients for the new function are obtained in 
terms of those of the old. If a particular coefficient passes over unaltered from the 
old to the new function, it is said to be uncontaminated. As the original energy 
function (3.6) is diagonalized and cubic terms are absent, all energy terms up to 
fourth-order are uncontaminated (Thompson k  Hunt, 1984). The list of quartic 
coefficients (3.25) contains for example terms like Vaaaa where a  =  3a, and Vaabp 
where /? =  2a ±  b, which have increasing influence on the solutions as deflections 
grow in the nonlinear regime. If Qa and Qb remain as active coordinates while
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Qa and Qp are eliminated as passives, sixth and higher-order terms in Qa and 
Qb are all that is produced. A valid asymptotic description is thus obtained 
simply by ignoring passive effects and truncating the energy expansions after the 
appropriate quartic terms.
However here interest centres on the location of the secondary bifurcation points 
which can be found by linear eigenvalue analysis. For the three variable repre­
sentation of the energy,
V  — 2^VaaaaQa “b ^VaabbQaQb “b ^ ^ aabaQaQbQa “b ^ VaaaaQaQt
1
4 a
"b . VbbbbQb “b . VbbaaQbQa “b 0 . VaaaaQa
the position of the secondary bifurcation sa is given by the stability determinant 
(Thompson & Hunt, 1984)
Wbb Wba 
= WbbWaa -  WbaWba =  0, (3.56)
where (on the uncoupled path Qa ^  Qb — Qa — 0)
VaacaQl +  Van (p -  J>“) (3.57)
Substituting values for p (3.28) and the coefficients (3.25) gives a complicated 
quadratic equation in Q%. Using the simplification b =  a +  1 and a = 2a — b =
3  S im p l y - s u p p o r t e d  s t r u t 79
a — 1 leaves,
+  ( ( 2a4 +  8a2 -  2)pa -  (a -  l ) 2(a2 -  2a -  l)  (pb +  pQ) )  Ql
-  ( ( a - 1)2(a +  1)2(p“ - P 6)(p“ - J ,a) )  = ° -  (:(3.58)
Solving this equation in MAPLE (Heck, 1996) gives either two or four valid solu-
Fig. 3.6 has been produced from numerical data: however the same diagram 
constructed using modal solutions of (3.55) is near-identical. To demonstrate 
this, comparisons between asymptotic results and the full numerical solutions 
from a u t o  are given in Fig. 3.7 for the case where a = 3, 6 =  4 and a  =  
2a — b =  2, at a position just to the left of the relevant compound bifurcation 
point I =  10.8 < \/l27r (3.16). Deflected shapes are plotted for the paths of 
Fig. 3.6(a) on the left, detailing both uncoupled solutions and the transition 
from three to four half-waves that takes place in a typical loading sequence. Over 
the range of deflections shown the two sets of results are barely distinguishable, 
the differences being shown at an exaggerated scale on the right. The plots show 
first tha t the single passive mode Qa does indeed provide the dominant (passive) 
effect and secondly that, in this particular regime, the correct form of coupled 
paths and secondary bifurcations can only be predicted asymptotically with its 
specific inclusion. Figs. 3.7(b) and (g) clearly show the expected contaminating 
effects of the first harmonic, (3 =  3a =  9 and 7 =  36 =  12 respectively; however, 
although its exclusion simplifies the energy potential significantly, it does not 
noticeably effect the accuracy of the solutions. The larger errors in Figs. 3.7(c) 
and (d) highlight the presence of further passive modes (which again do not affect 
the position of the secondary bifurcations).
tions for QSa depending on the values ofa and I. The load pSa then follows from 
(3.28).






(a) p =  2.2
(b) p  =  p1^0
(c) p =  2.3
(d) p = 2.2
(e) p = pSb
(f) P =  2.2
(g) p =  2.4
Figure 3.7: Left: solutions at different locations on Fig. 3.6(a); (a) lower uncou­
pled path, (b) sa, (c)-(d) unstable coupled path between sa and s&, (e) , (f)-
(g) upper uncoupled path. Although difficult to distinguish, numerical solutions 
are shown as solid lines and modal solutions as broken lines. Right: difference 
between modal and numerical solutions.






Figure 3.8: Comparison of minimum critical (solid line) and secondary (broken 
lines) buckling loads.
3.6 A rnol’d tongues
Even for the one set of boundary conditions considered, it is relatively difficult to 
present results for a wide range of lengths in a concise yet meaningful way. One 
method is to superimpose the secondary buckling loads for a range of lengths 
directly onto the critical load plot (Supple, 1970; Nakamura & Uetani, 1979). 
Fig. 3.8 shows a similar plot for the strut: the left-most two secondary buckling 
curves (marking the load where jumping from one and two half-waves occurs 
respectively) intersect the critical load envelope at the corresponding compound 
bifurcation points; in contrast, but as expected from Fig. 3.6, the other curves 
start at a load remote from the compound points. Although both critical and 
secondary buckling loads can be found relatively easily, this plot does not indicate 
the wavenumber after mode jumping or the limit of the coupled behaviour as 
I —y oo.
Here a new approach is used. Instead of plotting load against length (as in 
Fig. 3.8), the nondimensional amplitude is plotted against the ratio of the two 
wavelengths: this can show all interactions for all strut lengths. It was noted that 
at compound bifurcation points (Fig. 3.3) the values of Ai/A2 are rational and, in
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addition, either two (Fig. 3.6(b)) or four (Fig. 3.6(b)) of the secondary bifurcation 
points have zero amplitude. This provides a tenuous but not unrealistic link to the 
portrayal of mode locking in a forced oscillator due to Arnol’d (1965) — described 
in Section 1.3.2 — where again cusps meet the real line at rational positions. Here 
there is no forcing frequency, instead there are two natural frequencies of the 
linearized problem, Ai and A2, which play the same interactive role. Similarly 
the nondimensional amplitude of the uncoupled (mode-locked) periodic state, 
Qa or Qb, replaces the amplitude of the nonlinearity as the second parametric 
dimension. Secondary bifurcation positions are again marked by cusp-shaped 
tongues; the point where the tongue meets the real line defines the wavenumbers 
before and after mode jumping. Interestingly however, in this boundary value 
representation it is points outside, rather than inside, the tongues that define 
mode-locked states. This is in contrast to the Arnol’d tongues associated with 
the circle map, but coincides with those relating to the Mathieu equation for 
example (Jordan & Smith, 1987).
3.6.1 Construction
Take for example the interaction between a =  2 and b = 3 half-waves, shown 
schematically in Fig. 3.5, which is summarized for struts of all lengths in Fig. 3.9. 
The value of Ai/A2 for each of the two modes of interest is fixed by its critical 
load, pa or pb (3.14). While one of these A values must be linked directly to 
an integer (a or b), the other in general will not; typically therefore Ai/A2 is 
irrational. Only when the length is such that two critical loads coincide will both 
A values be linked to integers, and Ai/A2 be rational. The compound bifurcation 
point where pa =  pb is thus marked by a rational position on the Ai/A2 axis, in 
this case at Ai/A2 =  2/3. To the left of the relevant compound bifurcation point 
in Fig. 3.3, pb increases and the Ai/A2 (3.17) related to it decreases, while a t the 
same time Sb emerges from the compound bifurcation point and moves up the 
uncoupled path. This is traced by the left-hand arm of the cusp shown in Fig. 3.9.




Figure 3.9: Tongue showing interaction between 2 and 3 half-waves.
Of more practical interest is the position of sa; as pa reduces, Ai/A2 increases and 
hence the position of sa is given by the line to the right of Ai/A2 =  2/3.
When a =  2 and b =  3, pa =  pb occurs at I =  y/6n (3.16), so for I =  7.6 < v W  say, 
the coupled behaviour is similar to that shown in Fig. 3.5(a). The values of Ai/A2 
at pa and pb are 0.684 and 0.650 (given by (3.14)), shown by the vertical dotted 
lines in Fig. 3.9. The nondimensional amplitudes of the secondary bifurcation 
points are given by the intersection of these lines with the two arms of the cusp; 
in this example Qa and Qb are approximately 0.45 and 0.16 respectively. The 
corresponding secondary buckling load can be quickly found by substituting the 
relevant amplitude into (3.28).
In contrast, when b < y/2a — for example a =  3 and 6 =  4 — sa fails to 
pull in to the compound bifurcation point as pa and pb converge. As shown in 
Fig. 3.6, it remains remote from the fundamental path, and vanishes only when 
it collides with a further secondary bifurcation on the same uncoupled path, 
which emerges from the compound bifurcation point in the region to the right 
of relevant intersection of Fig. 3.3. As pa > pb these secondary bifurcations do 
not affect the global stability, and hence they are represented in Fig. 3.10 by the 
broken line which initially veers to the left. There is thus a certain threshold 
value of amplitude of sa below which mode jumping is absent, which is picked






Figure 3.10: Tongue showing interaction between 3 and 4 half-waves.
out at Ai/A2 =  a/b =  3/4, where the broken line changes to solid. The secondary 
bifurcation Sf, is again marked by the left-hand arm of the cusp.
3.6.2 S im ply-supported s tru t
An Arnol’d tongues plot summarizes the extent of mode-locking for all possible 
interactions; however for clarity Fig. 3.11 shows only a handful of tongues and left- 
hand arms have been truncated. They have been produced by a modal approach 
which includes the single dominant passive coordinate (a  =  2a — 6); spot checks 
in AUTO indicate that, as in Fig. 3.7, these curves are barely distinguishable from 
those that would be produced numerically. Of all the possibilities, only those 
from positions of stability under increasing load on the lower uncoupled path, 
depicted by the solid right-hand arms, are practically-relevant. For the simply- 
supported strut considered here, these cases always involve a jump from mode a 
to the mode b =  a +  1. The remainder are from paths that are unstable, either 
upper uncoupled paths (i.e. pa is not the minimum critical load) or those lower 
paths that are already unstable with respect to others waves (5 /  a +  1). An 
example of the latter is the jump from a =  3 to b =  5 half-waves — a mode jump 
to b =  4 will occur earlier in the post-buckling regime.




Figure 3.11: Modally produced Arnol’d tongues for (3.58).
With increasing length, more rational positions become available on the real line 
of Ai/A2, and so more tongues appear. Significantly, although extra tongues 
appear throughout the space, those describing a loss of initial stability (for which 
b =  a +  1) are always born to the right of those that have gone before, with 
the infinitely-long strut lying at the right-hand edge where Ai/A2 =  1. If a 
newly established cusp appears to the right of Ai/A2 =  l / \ /2 ,  Fig. 3.6 shows 
that the smallest amplitude of secondary buckling is given when Ai/A2 =  a/b  for 
each combination of modes. The locus of these points is shown by the dotted 
line (again produced using the modal approximation), the region to the right of 
which can be usefully described as a safety envelope inside which no secondary 
buckling can occur. Tongues with values of Ai/A2 < l / \ / 2  are outside the safety 
envelope, with the right hand arm moving initially to the right, and so mode 
jumping could occur at vanishingly-small amplitudes just above pa (Fig. 3.5(a)).
What is perhaps more surprising is that the safety envelope increases in the 
Qa sense as Ai/A2 -» 1. This implies that, as the strut gets longer and the 
interacting wavenumbers get relatively closer together, secondary bifurcation is 
increasingly delayed. This seems counter-intuitive, as it might be thought that 
the interactions present in shorter systems, where the boundary conditions place
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considerable restriction on the choice of wave, would always be available to the less 
restricted longer strut. This is not the case. Consider for example the interaction 
between a =  4 and 6 =  5, where the worst case scenario takes place when 
Ai/A2 =  4/5 on the Arnol’d tongue picture of Fig. 3.11. In a system of exactly 
double the length the critical load plot of Fig. 3.3 reveals that the strut would 
buckle into a =  9 half-waves (rather than a =  8), and subsequently jumps to 
6 =  10. The worst-case interaction for this latter problem is now at X1 /X 2 = 9/10, 
with the safety envelope showing that secondary bifurcation is inevitably further 
delayed. However comparing the |  and ^  tongues for the case where the initial 
wavelengths are the same, for example I =  0.95a7r => Ai/A2 ~  0.9, shows the 
expected decrease in post-buckling reserve.
3.7 Concluding remarks
This chapter investigates the phenomena of mode locking and mode jumping in 
the post-buckling of the simply-supported strut on a stiffening elastic foundation, 
culminating in the summary curves of Fig. 3.11 produced by application of the 
general theory of elastic stability. Results are checked against numerical runs 
using the boundary value solver AUTO, with good agreement in the range of in­
terest. This shows tha t a modal analysis, although asymptotic, can capture the 
nature of the full behaviour as described by numerical solutions of the differential 
equation. Initial nonlinear effects, in particular the important secondary bifurca­
tion positions, are seen to be well represented by two modes alone when |pa — pb | 
is small, but less successfully as pa and pb separate and push the secondary bi­
furcations up the uncoupled paths. The complete picture of coupled paths and 
secondary bifurcations is only successfully portrayed when the dominant passive 
effect is included.
The mechanism leading to mode jumping has now been described for the rel­
atively simple one-dimensional strut problem. In the next chapter the same
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approach is applied to the more difficult plate problem: it will be interesting to 
see if the qualitative features of the strut behaviour, such as the safety envelope, 
also appear for the axially-compressed plate.
Chapter 4
Simply-supported plate
For the one-dimensional supercritical strut of the previous chapter only the 
boundary conditions at each end, which can be varied between the extremes 
of simply-supported and clamped, have to be specified. In the two-dimensional 
plate problem these correspond to the boundary conditions on the (short) loaded 
edges — however those on the long edges and the in-plane constraints also have 
to be considered. As discussed earlier, many combinations of the numerous pos­
sibilities that this introduces have been covered in the literature. Only results for 
the simplest case — both long and short edges simply-supported — are presented 
in this chapter, allowing direct comparisons with the strut behaviour and inves­
tigation of the effects of the in-plane boundary conditions (shown in Fig. 1.10). 
Results are again presented in the form of Arnol’d tongues (Arnol’d, 1965), which 
highlight any changes in stability due the differing in-plane constraints.
The choice of simply-supported edges allows a modal approximation to be used in 
both the longitudinal and transverse directions (Supple, 1970; Uemura &; Byon, 
1977). Comparing the results of Nakamura & Uetani (1979) and Maaskant & Ro- 
orda (1992) shows that there are numerous passive contaminations in the more 
difficult plate problem. The previous chapter showed th a t a single dominant pas­
sive mode had a significant impact on the coupled behaviour of the supercritical
88
4  S im p l y - s u p p o r t e d  p l a t e 89
strut and therefore, if a modal approach is to be successful here, it is im portant to 
ensure that all the passive effects are included. Validation with a suitable numer­
ical technique is thus essential, obvious candidates being the numerical partial 
differential equation (PDE) solvers which can track solution paths and log bifur­
cation points (Riks et al., 1996; Gervais et al., 1997). However these programs 
tend to be time consuming and are not suitable for use over a large number of 
boundary conditions and lengths.
Here a third method is introduced. By noting that the mode interaction caus­
ing the loss of stability occurs along the length of the plate, with the transverse 
profile remaining similar throughout, the coupled PDEs are reduced to a series 
of ODEs in the longitudinal coordinate x  using the Galerkin procedure. These 
equations can then be solved using AUTO (Doedel et al., 1995). This method 
has previously been employed with the axially-compressed cylinder (Lord et al., 
1997), where again the PDEs were reduced to a series of ODEs solved by a u t o . 
Limitations of the Rayleigh-Ritz analysis are explored by comparing predictions 
of the secondary bifurcation points with those given numerically. If the number 
of contaminating passive modes is large — and this analytical method becomes 
impractical — the ODE approach may be both more accurate and quicker. The 
latter will be certainly be faster than full numerical solutions while hopefully 
retaining its accuracy; to check, results are compared with finite difference solu­
tions.
Finally, the post-buckling behaviour is explored in detail by AUTO, highlight­
ing the increased contaminating effects of the large number of passive modes, 
especially in the coupled paths.
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4.1 Differential equation
The post-buckling of a thin plate is described by the von Karman large-deflection 
equations, derived in Chapter 2 (2.49),
D V aw =  (Et(p — Px)w — 2Et(pw 4- (Et(p — Py)w ,
where the first is an equilibrium and the second a compatibility equation. To 
recap, dots and primes denote partial differentiation with respect to x  and y\ Px 
and Py are the average applied loads per unit of length in the x  and y direc­
tions respectively; w is the out-of-plane displacement; and <p is a stress function 
describing the change from the uniformly compressed state, defined by
V4 -'2 •• ncp =  w — ww, (4.1)
ax = E < p - - j - ,  Txy =  —Eip, oy = E<p- (4.2)
4.1.1 Nondim ensionalization
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and dots and primes now denote partial differentiation with respect to x  and y, 
defined by
[E t _ [E t
Similarly, the nondimensionalized energy integral (2.38) is,
V  =  i  f  I  (w +  w ) 2 — 2(1 — v ) ( w w  — d 2) d x d y  
2 Jo Jo
+ 5 lo L  ^ + ~ + ~~ ^
Jo J  n2P ^ 2 d x d y
~ 5  Jo I  n2pyi^ 2 d 5 d ^
— f  f  (p(y*(p — w 2 +  w w )  dxdy .  (4.7)
Jo Jo
Again the nondimensional values are used and the bar is dropped for the remain­
der of the chapter.
4.2 Boundary conditions
A simply-supported plate of unit width and length I is considered with the three 
different sets of in-plane boundary conditions shown in Fig. 1.10. For each case 
all four edges are simply-supported, i.e. there are no out-of-plane deflections or 
bending moments at the plate edges;
w(0, y) =  w(l, y) = w(x, 0) =  w(x, 1) =  0 ,
^(0) v) = w(z, y) = d(x,  o) =  w(x , i) =  o. (4 .8 )
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z
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Figure 4.1: Simply-supported plate with free edges. Broken lines show unloaded 
plate and solid lines the (exaggerated) post-buckling shape.
4.2.1 Free-edged
The simplest loading case occurs when there is a uniform applied load (n2px) on 
the short edges and no applied or reactive stresses on the long edges, as shown 
in Fig. 4.1. This implies that all edges are free to move in the plane of the 
plate. However, in this case the coupled behaviour for all lengths is described 
by the general form shown in Fig. 3.4 where no secondary bifurcations occur on 
the natural loading path (Supple, 1970; Gervais et al., 1997). Therefore mode 
jumping is absent, and further analysis is not pursued. Unlike the right-hand arms 
of the Arnol’d tongues shown in Fig. 3.11 which all (eventually) veer to the right, 
both arms of the cusps relating to this stable behaviour will veer to the left. In 
addition, this is the least practical of the in-plane boundary conditions considered 
here: unlike the straight-edged and clamped in-plane cases below (where mode 
jumping does occur), it is not immediately apparent how multiple plates with 
free-edged boundaries could be used to construct more complex structures.
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Figure 4.2: Simply-supported plate with straight edges. Broken lines show un­
loaded plate and solid lines the (exaggerated) post-buckling shape.
4.2 .2  S traight-edged
Straight edges implies that the end-shortening A, obtained by integration over 
the length, is constant across the width. Using (2.30), this gives
A similar equation holds across the width; substituting for e (2.6) and then a 
(2.34) gives (in nondimensional terms),
Both should be constant for straight edges. Fig. 4.2 shows that to achieve this, 
although the total load py =  0, the stresses at the plate boundaries are no longer 
uniform, with the variation from the uniformly compressed state being described 
by cp.
(4.8)), those on ip are less straightforward. Consider the boundary conditions 
on the short (x =  0 ,1) edges. As the plate has constant width and zero (w) 
displacement at each end, symmetry considerations suggest that the values of ip
dx =  constant. (4.9)
(4.10)
While the boundary conditions on w are relatively simple to define (see equation
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will be the same, giving
(4.11)
In the strut problem, positive and negative deflections of equal magnitude give 
the same foundation energy. The same symmetry applies here, and hence the 
stress function is independent of the sign of the deflection. The buckle pattern 
at the intersection of two identically loaded plates, placed end-to-end, will be 
continuous and antisymmetrical: therefore the corresponding stress distribution 
must be symmetrical, implying
These three constraints — (4.11), (4.12) and (4.13) — combine to satisfy the 
remaining boundary conditions defined by (2.52); the same arguments can be 
used on the long edges to satisfy (2.53), giving;
(4.12)
By definition ip measures the variation from the uniformly applied load and hence
(4.13)
0) -  <p(x, 1) =  0,
=  V? =  0 at y =  0, 1,
(4.14)
4.2.3 Clamped in-plane
For the plate that is clamped in-plane (Fig. 4.3) — such that the long boundaries 
are restrained from moving in the transverse direction but remain free to move 
longitudinally — the average transverse applied stress is non-zero. Before buck-
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Figure 4.3: Simply-supported plate with long edges clamped in-plane. Broken 
lines show unloaded plate and solid lines the (exaggerated) post-buckling shape.
ling it is clear that py =  vpx (where v is Poisson’s ratio); however this no longer 
holds in the post-buckling regime. Rearranging the second equation of (4.10) and 
equating to zero gives the following relationship,
The boundary conditions for w and <p are the same as for the straight-edged case.
In the remainder of this chapter the single loading parameter p =  px will be 
varied — where necessary py is substituted using (4.15).
(4.15)
4.3 Critical loads
The critical loads can be found by linearizing (4.3) and (4.15), to give
V 4W =  — W7T2p  —  WVTl 2p (4.16)
for the clamped in-plane boundary conditions of Fig. 4.3. Substituting w =  
AeAnx sin iry, leads to the characteristic equation,
A4 +  A 2{p — 2) +  1 — vp =  0. (4.17)
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When 4 — 4i/ < p < 1/v, A2 is real and negative,
A, _  ( 4 J 8 )
leading to four imaginary eigenvalues. As for the strut the two negative eigen­
values can be absorbed by the boundary conditions, leaving
The deflected shape for a simply-supported plate of length I will typically consist 
of a single mode of wavenumber a,
a • \  • / - *  • CL'7T0C , . r\r\\w =  A  sin A7ra; sin ny = Qa sin —— sin 7n/, (4.20)
V
and therefore X = a/1 (where A is either Ai or A2). Substituting this value into 
(4.17) gives the critical loads for buckling into a half-waves at all plate lengths,
« _  (°2 +  ;2)2 (4 21)
P (a2 + ul2) I2 ’ ( J
In dimensional terms the critical loads for a plate of unit width are
pa 2p  (fl2 +  £ 2)2 (a ooy
P  ~  T (a2 +  i/L2) L2' (422)
The values of A, pa and P a for both the free- and straight-edged cases of Figs. 4.1 
and 4.2 can be found by substituting v =  0 into (4.19), (4.21) and (4.22) respec­
tively.
The variations in critical load for the first four mode numbers are shown in 
Fig. 4.4 over a range of plate lengths. Critical loads for the clamped in-plane plate 
are lower than those for the straight-edged plate, with their minima occurring
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Figure 4.4: Critical load variations with length for (a) straight-edged (solid lines) 
and (b) clamped in-plane plates with v =  0.3 (broken lines).
at relatively greater lengths. This is due to pre-buckling compression across 
the width, causing it to buckle at a load lower than when such compression is 
absent. At discrete plate lengths, the critical loads for different modes coincide 
at compound bifurcation points, where the values of A1/A2 are rational. For the 
straight-edged plate, A1/A2 —> 0 as p —> 00 and therefore rational positions (and 
compound bifurcation points) can occur for all p > 4. If the edges are clamped 
in-plane, A2 again tends to infinity as p —>• 00, and for short wavelengths the 
critical loads for the two cases are similar. However, Ai =  0 when p =  \ /v \  this 
corresponds to an infinite wavelength and hence pa —> \ / v  as / —>• 00 (Fig. 4.4). 
As a consequence, the compound bifurcation points are restricted to the range 
4 — \ v  < p < \ j v .
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4.4 Rayleigh—Ritz formulation
Exact analytical solutions of (4.3) which satisfy simply-supported boundary con­
ditions (4.8) are given by a double-infinite summation (Szilard, 1974),
oo oo m nx
w =  ^ 2 ^ 2  Qmn  sin ——  sin rmy. (4.23)
771=1 71=1
To make the problem practicable a Rayleigh-Ritz approach — with a finite num­
ber of modes along the length and width — is used. The stress function tp is 
found by substituting this function for w into (4.4) and integrating directly. For 
a two d.o.f. model,
w
/ _  . anx _ . b n x \  .
= I Qa sin - y -  +  Qb sin -y— I sin ny, (4.24)
(where Q a =  Q ai and Qb  =  Q bi  in (4.23) above) integration of (4.4) gives
=  — Q2( — 
32 \  a2
_2f I2 2anx a2 
<P =  ( —  c o s  — ---------k  J2 C 0 S  2 iry
1 /  12 (a +  b)7rx 12 (a — b)7rx
+  7 Q a Q b l  ,  , Lxo COS ^-------- ~  +  7--------- r r x  COS J4 ^ ° \ ( a  + b)2 I (a - b )2 I
(a — b)2l2 (a + b)7rx
---------------  oCos-------—  cos 27xy
((a +  b)2 + i l2) I
(a + b)2l2 (a — b)7rx
H-------------------------------o C o s -------- —  c o s 27tv
((a — b)2 +  4/2) I
1 ( I 2 ^bnx b2 \  . .
+  ^ Q b  ( ^  cos —j ~  +  p  cos 27ry) • (4-25)
Interestingly, these functions for w and ip satisfy the straight-edged boundary 
conditions: substituting (4.24) and (4.25) into (4.10), integrating and simplifying,
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leaves
2/o2f l 1 7T2J  u dx = -T^Pxl + VT^Py -  -  — (a2Qa -  b 
f 1 1/  i; dy = -TT2Py +  vtt2P x -  - n 2 (Q2 +  Q2) , (4.26)
which, being independent of a; and ?/, are constant. For the clamped in-plane case 
py (4.15) is defined by
P y =  u P x - \  (Qa +  Q b )  • (4 -27 )
4.4.1 Energy integral
Before substituting (4.24) and (4.25) into (4.7) to generate an expression for the 
total potential energy, some terms can be eliminated. As the expression for (p was 
derived using the compatibility equation, the last term (which essentially repeats 
this equation) will be zero. In addition, for the straight-edged case both py is 
zero cancelling the fourth term. Therefore the energy integral reduces to
V  =  ^ f  f  (w + w)2 — 2(1 — v)(ww — w2) dxdy  
2 Jo Jo
+ \ J Q Jq ((P + ft)*  + {<P<P ~  V2) dxdy
— i  f  (  ir2p w2 dxdy. (4.28)
2 J o  J o
Substituting (4.24) and (4.25) into this equation gives the following energy func­
tion;
oo oo oo oo ^ w .f W
V  =: ^   ^^  ^   ^^   ^VabcdQaQbQcQd V L ( p ~ P a) Q l  (4.29)24 2
a = l 6=1 c = l d = l a = l
which is identical to that of the strut on a stiffening foundation (3.24). As a 
result, zero and non-zero VabCd terms occur for the same combinations of a, b, c
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and d\ however the non-zero coefficients (listed in Appendix B) are more complex.
The theory that was used with the simply-supported strut also applies here: 
equilibrium solutions are given where
d Q a ~  dQ„ ’ ( ■ J
and a first-order approximation of an uncoupled path by (3.28),
v = va- ~ r - Q l  (4 .31)
6 Vaa
Similarly, the amplitude of the secondary bifurcations sa using a two mode anal­
ysis (4.24) is (Supple, 1967),
=  w v ^ t ' v  {pb - pa)- (4-32)oVaaVaabb ~  VbbVaaaa
4.4.2 Passive contamination
However work on the simply-supported strut in the previous chapter and the 
simply-supported plate (Nakamura h  Uetani, 1979) shows that this two d.o.f. 
approximation is only accurate for small amplitudes. The approximation for the 
uncoupled path (i.e. Qb =  0) can be improved by adding either the longitudinal 
harmonic /? =  3a,
/ _  . anx . /3nx\ . ., .
w =  I Qa sin —-— h Q /3 sin ——  J sin 7n/, (4.33)
or both the longitudinal and transverse harmonics,
w
. anx  _ . /3nx\  . / _  . a'KX ^  . /?7n r \  . o=  I Qa s in —— +  Qp sin —— 1 sin7r y +  I Qa3sin —— -f-Q ^sin  —— I sinSny.
(4 .34)
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The expression for the coupled path can be improved in a similar manner by 
including further passive modes, although both (3.55) and (3.56) increase in size 
and complexity. For example, if the longitudinal harmonic (3 = 3a and three 
passive modes (a, 7 and <$) are used, the positions of the secondary bifurcations 
sa are found by solving the stability determinant,
Wbb Wba Wir W u
Wba W ’Qrf W as
W*y ^ a 7 W ry WyS
W u WaB Wyg Wss
=  0 , (4.35)
while inclusion of the transverse harmonics will give an 8 x 8 matrix and a deter­
minant quadruple the size. Subscripts again denote differentiation with respect 




Although the coupled solutions will contain numerous passive modes, only those 
which have interactions with the other passive modes — and therefore have non­
zero off-diagonal Wba terms — will affect the position of the secondary bifurca­
tions. In descending order of importance, they are (Nakamura & Uetani, 1979): 
a  = 2a — b, 7 =  2a +  6, S = 4a — 6, e =  4a +  b etc. (note that (3 is used for the 
longitudinal harmonic 3a).
The secondary bifurcation positions given by this analysis are compared with 
those from AUTO, and the uncoupled solutions validated with those given by a 
finite difference approach. (These solution methods are described in the following 
two sections.) Therefore, unlike other work (Supple, 1970; Uemura & Byon, 1977; 
Maaskant & Roorda, 1992), the dominant harmonics and passive modes can be 
identified and the limitations of this approach assessed.
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4.5 Reduction to ODEs
The mode interaction which leads to mode jumping occurs along the length of 
the plate while the profile across the width remains reasonably constant. There­
fore, by expressing the transverse deflection as a number of sinusoidal functions, 
the PDEs can be reduced to a series of ODEs in x  using the Galerkin proce­
dure. This effectively includes the full compliment of passive modes along the 
length, and secondary bifurcation positions can now be found using a u t o  (Doedel 
et al., 1995), with much quicker solution times than for PDE solvers (Riks et al., 
1996; Gervais et al., 1997). A similar approach was used when investigating the 
post-buckling behaviour of axially-compressed cylinders (Lord et al., 1997) where 
deflection in the circumferential direction was assumed to be periodic.
4.5.1 Galerkin reduction
The Galerkin procedure (see for example Szilard, 1974) defines a series of inte­
grals, each of which is given by one of the assumed functions multiplied by the 
governing differential equation. These integrals are then evaluated over the range 
of interest, setting the total residual error associated with each function to zero 
and, in this application, producing a set of ODEs.
For the plate problem with a single transverse deflection profile (4.24), it can 
be seen from (4.25) that the expression for stress depends on two transverse 
functions, and hence w and ip are defined as
w(x, y) =  w\{x) sin 7xy,
tp(x, y) =  <fi(x) +  </?2 ( z )  c o s 2 7 t ? / .  (4.37)
Multiplying each of these transverse functions by the relevant von Karman equa­
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tion, (4.3) or (4.4), gives the following three integrals;
/ (V 4w — w{jp — p x ) +  2uxp — w((p — p y )) sin 7xy dy =  0 ,
Jo
(  ( y 4(p — w2 + 1uw) dy = 0 ,
Jo
[  i y A{P — w2 + ww) cos 27vy dy = 0. (4.38)Jo
Substitution of (4.37) and evaluation produces three fourth-order ODEs,
w'l -  TT2 W i ( 2  -  p x ) -1- TT4 W i ( l  -  P y )
+  r^TT2 (2wi(fi -  Wi(p2 -  4WiV?2 -  4u)iv?2) =  0, z
<Pi -  ) ^ 2{w\ +  W1W1) =  0,
<P2 -  8 tT2<P2 +  167T4V?2 -  ~7T2( w 2 ~  Wi Wi )  =  0, (4.39)z
where wi, (fi and (p2 (and their derivatives) will be given by a u t o .
Accuracy can be improved by including the first transverse harmonic, giving two
displacement and four stress functions,
w(x,y)  =  Wi(x) sin7n/ +  w2(x) sin37n/,
cp(x, y) =  <P\(x) +  (p2(x) cos 27vy +  (ps(x) cos47vy +  ) cos 67xy. (4.40)
The Galerkin procedure now produces six fourth-order ODEs.
4.5.2 Boundary conditions
All the boundary conditions on the long (y = 0 ,1) edges and the integral condition
(4.13) are satisfied by the functions defined in (4.37) for both the straight-edged
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and clamped in-plane cases. Equation (4.8) implies
wi(0) = wi(l) =  'ii)i(O) =  w\(l) =  0, (4-41)
and the assumption of no applied shear (2.51)
ip(0,y) =  27r^2(0) sin27ry = 0=> <p2{0) = 0, 
cp(l, y) = 2nip2(l) sin 27tt/ =  0 => <^2(0 =  0. (4.42)
Similarly the symmetry condition (4.12) gives,
£ i(0) =  £ 2(0) =  = £ 2(0 =  o, (4.43)
and the integral condition of (4.14)
I (jpidx= (f>2 dx  =  0. (4.44)Jo Jo
Note that
i
<p2dx = 0=> (p2(l) -  <^2(0) =  0, (4.45)
and hence if (p2{0) =  0 then ip2(I) =  0 is automatically satisfied by (4.44) and can 
be neglected in (4.42). This leaves a total of eleven boundary conditions: four on 
wi, three on (pi and four on y?2. As each equation of (4.39) is fourth order, four 
boundary conditions are required for uq, ipi and <p2; therefore another boundary 
condition is required for (pi. Equation (4.39) shows that the resulting PDEs are 
not functions of (pi or y?i, and hence the additional constraint < i^(0) =  0 can be 
applied without affecting the results.
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Substituting (4.37) into (4.10) gives expressions for the straight-edged constraints, 
J  U  dx =  J  ( ^ V l ^ P y  — 7T 2p x  — 47T2</?2 c o s  2 i xy
— v((p\  +  (p2 cos 27Ty) — sin2 7ry\dx
£ *
-jf(VIT2p y -  TT2p x  -  V ( f i  ~  j W 2
/  V d y  =  
Jo
— -^(4v(jp2 +  167r2<^2 — W\) cos 27ry  ^ dx,
vir2p x -  7r2p y +  <p i -  - n 2w 2.
(4.46)
(4.47)
These constraints are again automatically satisfied. To demonstrate this, the 
equations for '(p\ and (p'2 in (4.39) are summed,
(p\ +  (pi — 8ir2<p2 +  167t4</?2 — tt2w \  =  0
=> 7T2(l67rV2 -  Wi )  =  8TT2(p2 —  <Pl — <P2 , (4.48)
and substituted into (4.46), giving
J  vir2py -  7c2px -  v<pi +  i w\  -1- ^(2 -  v)(p2 -  ^ ( '(p\ +  £ 2 )^  cos 2ny  dx.
(4.49)
Any variation in end-shortening across the width can only be due to the final 
term. Equation (4.44) shows that (p2 integrates to zero, leaving
47T2 (<P1 + £2) cos 2ny, (4.50)
which, using the boundary conditions (4.43), is again zero.
For straight long edges, the first derivative of (4.47),
A  ( u n 2p x -  TT2p y +  i p i -  |7T2w f )  =  ip 1 -  ^7T2WlWl, (4.51)
must be zero for all x. Using (4.41) and (4.43) shows that this is true at x =  0
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and differentiating again gives the second equation of (4.39); this implies tha t 
(4.51) is zero for all x  and hence the long edges remain straight. Equation (4.47) 
also gives py for the clamped in-plane case,
py =  vpx +  ~  7 ^?. (4.52)7rz 4
4.5.3 Reduction to  first-order form
Rescaling the variables over a unit length and reducing (4.39) to first-order form 
allows the equations to be solved by AUTO;
f i  =  / 2 , f 2 =  /a , h  =  /4 ,
/ 4 =  2?r2/2/3 (2  -  P x )  ~  tt4/4/ i ( 1  -  P y )  -  tt2J3 ( / i / 7  -  ^ / i / n  -  2 f 2f i o  ~  2 / 3 / 9) ,  
h  = /e, / 6 =  /t , / 7 =  /s,
/ s  =  ^ ^ ( / l / a  +  Zl),
/g  =  /10, f  10 = /11, / n = / i 2 ,
/ 12 =  8tt2/2/ h  -  16?t4Z4/ 9 -  i 7T2ls ( f i f 3 -  / I ) ,  (4.53)
where,
/ i  =  — , / 2 =  w i ,  h  =  lwi,  h  =  l2w  1 ,
/s  — -y1, /6 =  <^ 1, f l  — ^  1, /s  =  J2<£l,
/ 9  =  /10 =  <^2, / l l  =  ^ 2 ,  / l 2  =  l 2 ip2- (4.54)
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Rewriting the boundary conditions in this notation gives 
/i(0) =  / i ( l )  =  / 3(0) =  / 3(l) =  0,
/e(0) = f  f r A x = /8(0) = /8(1) = 0,
JO
/io(0) =  f 1 f n  dx = f 12(0) =  / i 2(l) =  0. (4.55)
Jo
If the first harmonic is included (4.40) a series of twenty-four first-order ODEs 
are produced and, although the results will be more accurate, solution times will 
increase.
4.6 Full numerical solution
Although sophisticated finite element programs which track solution paths and 
locate secondary bifurcation points have been written (Riks et al,  1996; Ger- 
vais et al., 1997), they are not generally available and it is beyond the scope of 
this work to develop one. Therefore a classical finite difference method is used 
to validate the uncoupled solutions given by the two methods described above. 
Using Taylor approximations for the derivatives, this technique generates a series 
of nonlinear algebraic equations (Szilard, 1974) for (4.3) and (4.4). These are 
solved using an iterative method, the current solution values being substituted 
back into the algebraic equations and used to give an improved solution. This 
procedure is repeated until the change is less than a desired tolerance. Although 
simple to implement, the general nature of this method leads to long convergence 
times, especially as this problem has relatively high (fourth-order) derivatives. In 
addition, many grid points are required to maintain accuracy.
For the clamped in-plane case, (4.15) is used directly to calculate py. The other 
integral conditions cannot be implemented directly — however using the bound-





Figure 4.5: Percentage errors in total potential energy (4.28) for (a) straight- 
edged and (b) clamped in-plane plates. Broken lines compare numerical and 
Rayleigh-Ritz solutions of (4.29) with (i) one, (ii) two and (iii) four modes. Solid 
lines compare numerical and AUTO solutions of (iv ) (4.37) and (v ) (4.40).
ary conditions defined by (4.8) and
V?(0, y) =  <p{l, y) =  <p(x, 0) =  <p(x, 1) =  0,
m  y) = <P& y) = V (®»°) =  V (*> ! )  =  °> (4 -56)
solutions were found which satisfy both the straight-edged (4.10) and integral
(4.13) constraints.
4.7 V alidation
4.7 .1  U ncoup led  p ath s
Solutions given by the three methods described above are compared by calculating 
the total potential energy (4.7) of a square plate (/ =  1) at different loads. The 
broken lines of Fig. 4.5(a) show percentage differences between the finite difference 
and Rayleigh-Ritz solutions for the straight-edged plate. Supple (1966) suggests 
that the deflection with a single mode approximation is reasonably accurate up
to 2.5pa; however Fig. 4.5 shows that at this load agreement is poor. Addition
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of the first harmonic (4.33) gives an error of approximately 3% at 3p°, but with 
inclusion of the transverse harmonics (4.34) this reduces to 0.1%. The solutions 
of (4.37) and (4.40) by AUTO — shown by the solid lines — are hard to distinguish 
over the range given from those given by the two- and four-mode Rayleigh-Ritz 
method; the latter gives excellent agreement with the finite difference solutions. 
Fig. 4.5(b) shows similar trends for the clamped in-plane case, although with 
slightly increased errors.
It might be expected that the errors would increase at least linearly with in­
creasing load: that this is not the case in Fig 4.5(b) suggests that the numerical 
solutions had not fully converged as the solution method used was very slow.
4.7.2 Secondary bifurcations
The maximum amplitude of the secondary bifurcation point which is of interest 
here occurs at the right-hand edge of Fig. 4.6(a) where A1/A2 =  1 (implying 
p =  4 and a =  I in Fig. 4.4) and Qa «  8. Substituting the energy coefficients 
from Appendix B into (4.31) gives,
and hence for a = I, p «  12 =  3pa. Curve (v) of Fig. 4.5(a) shows that the error 
for the uncoupled path over this range of loads is negligible and thus the secondary 
bifurcation positions predicted by a u t o , which includes all the longitudinal pas­
sive modes and one transverse mode, should be accurate. In dimensional terms 
the amplitude is (4.5),
giving a maximum deflection of approximately two-and-a-half times the plate
(4.57)
(4.58)
thickness when Qa =  8; for this amplitude the von Karman equations are still








Figure 4.6: Comparison between numerically and modally produced tongues for 
(a) straight-edged and (b) clamped in-plane plates. Broken lines show modal 
solutions with (i) 3, (ii) 6 and (iii) 12 modes. Solid lines show a u t o  solutions of 
(4.40).
valid.
The positions of the secondary bifurcation points for the simply-supported strut 
were found much more quickly using the modal approximation than by using 
a u t o , especially for large I. If the number of passive modes is small, the same 
will be true for the plate; the differences between AUTO and three modal ap­
proximations are summarized in Figs. 4.6(a) and (b) which show the interaction 
between two and three half-waves for the two sets of boundary conditions. The 
simplest modal approximation plotted includes the single passive contamination, 
a  =  2a — b] Fig. 4.6(b) shows this only gives good agreement for Qa < 1. This 
is expected, as agreement between the single mode Rayleigh-Ritz and a u t o  so­
lutions for the uncoupled path is poor (curves (i) and (v) of Fig. 4.5(b)). When 
the effects of the longitudinal harmonic (4.33) and two other passive modes are 
introduced (giving a, 6, a  =  2a — 5, /? =  3a, 7  =  2a +  5 and S =  4a — b), accept­
able agreement extends to Qa ~  3 (curve (ii) of Fig. 4.6(a)). Secondary buckling 
for the plate with clamped in-plane boundary conditions occurs at relatively low 
loads, where curve (ii) of Fig. 4.5(b) shows the error using this approximation is 
less than 1%, and hence the secondary bifurcation positions are indistinguishable 
from the numerical results (Fig. 4.6(b)). This approximation also gives accurate 
predictions for Sb as the amplitudes of the secondary bifurcations on the upper








Figure 4.7: Arnol’d tongues produced from AUTO solutions of (4.40) for the 
clamped in-plane plate.
uncoupled path are also relatively small. Curve (iii) of Fig. 4.6(a) shows that 
inclusion of the transverse harmonics for each of the six modes listed above gives 
accurate predictions when Q a < 6. However, this twelve mode approximation 
gives a very lengthy energy function (4.29) and a 64 element stability matrix 
(4.35); both are difficult to manipulate and time consuming to solve in MAPLE 
(Heck, 1996). Therefore, for the straight-edged plate, a modal approximation of 
sufficient accuracy is not noticeably quicker than AUTO. It also highlights the 
increase in the number of passive modes as sa moves away from the primary 
bifurcation point.
4.8 A rnol’d tongues
The Arnol’d tongues for a plate with clamped in-plane boundary conditions are 
plotted in Fig. 4.7 using the solutions of (4.40) given by AUTO. Note that A1/A2 is 
related to the critical load for each length, and therefore exact values are given by 
(4.19). As with the strut, most secondary bifurcations occur on uncoupled paths 
which are already unstable with respect to another mode and therefore have no












Figure 4.8: Arnol’d tongues produced from AUTO solutions of (4.40) for the 
straight-edged plate.
practical significance; for clarity, only four tongues which mark secondary bifur­
cations associated with the initial loss of stability are shown. Two other features 
are also common to both the strut and the clamped in-plane plate problems: 
tongues meet the A1/A2 axis at rational positions (giving the ratio between the 
number of half-waves before and after mode jumping, a/b) and the case of practi­
cal relevance is always b =  a-I-1. (The absence of a tongue at A1/A2 =  1/2 is due 
to passive contamination and is explored later in Section 4.9.) All the illustrated 
tongues curve back on themselves and hence there is a safety envelope — inside 
which no secondary buckling can occur — first seen in Fig. 3.11. As the cusps 
have been constructed from numerical results and not an equation, the safety 
envelope has been generated by extrapolating from the points on the four curves 
plotted using a cubic spline in m a t la b  (The Math Works, 1993).
The tongues for the straight-edged plate (Fig. 4.8) show the same general be­
haviour, except that the amplitude of secondary buckling is much greater. Some 
of the right-hand arms now cross, indicating that mode jumping may take place 
with, say, the mode b =  a +  2. This is also due to increased contamination from 
passive modes; the complete picture of the coupled paths is now explored using
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Figure 4.9: Effect of first harmonic at pa =  pb for the clamped in-plane plate. 
Stable paths are shown as solid lines and unstable paths as broken lines.
AUTO.
4.9 Passive m ode effects
4.9.1 Lim it point instability
Even at relatively small amplitudes the effect of the passive modes can be signif­
icant; when the primary mode is a single half-wave for example, the amplitude 
of the first passive harmonic ({3 =  3a =  3) also becomes large when Qa is large. 
Fig. 4.9 shows the contaminating mechanism by which stability is lost to this 
harmonic, before the secondary bifurcation marking interaction with a two half­
wave solution is encountered. This introduces contamination from Vaaap, which, 
being negative (see Appendix B), is destabilizing in nature, whereas Vaabb is pos­
itive and stabilizing. Thus stability is lost at a limit point which is not picked 
out by the Arnol’d tongues plot, and accounts for the absence of a tongue at 
Ai/A2 =  1 /2  for both sets of boundary conditions.
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(a) (b)
Figure 4.10: Jump from 2 to 3 waves for the clamped in-plane plate, (a) I =  3.80,
(b) I =  3.76. Stable paths are shown as solid lines and unstable paths as broken 
lines.
4.9.2 S table secondary bifurcation
For the clamped in-plane plate, secondary buckling from a =  2 to b =  3 occurs 
before the uncoupled path is destabilized by the passive harmonic /3 =  3a =  6 . 
However, Fig. 4.10(a) shows that at sa the coupled path is initially stable. Mode 
jumping is then delayed until a limit point where p >  pSa; again, in this instance, 
the tongue does not show the amplitude where stability is lost. For slightly shorter 
lengths (Fig. 4.10(b)), the isolated solution path of Fig. 4.10(a) merges with the 
coupled path. This gives a very complex coupled path, with the amplitudes of 
some passive modes being greater than Qa and Qb, highlighting the increasing 
effect of passive modes with displacement away from both primary and secondary 
bifurcation points. Stability is now lost at a higher load than might be expected 
from Fig. 4.10(a), with the path restabilizing before a jump to the 3 half-wave 
solution occurs.
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\
(a) (b)
Figure 4.11: Jump from 4 to 5 waves for the clamped in-plane plate, (a) I =  6.70, 
(b) I =  6.60. Stable paths are shown as solid lines and unstable paths as broken 
lines.
4.9.3 U nstab le secondary bifurcation
As I increases, the coupled path moves from stable to unstable. Fig. 4.11(a) 
shows that mode jumping occurs at the secondary bifurcation point when a =  4. 
For slightly shorter lengths (Fig. 4.11(b)) the coupled path again merges with the 
isolated solution path, and although it restabilizes the load reached is less than 
pSa, implying that under dead loading conditions the buckle pattern will change 
instantaneously.
4.9.4 Crossing of tongues
The amplitudes of sa for the straight-edged plate are much larger than for clamped 
in-plane boundary conditions, and hence the effect of the passive modes will be 
greater and the coupled behaviour more complex. The tongue of Ai/A2 =  3/5  
crosses that of Ai/A2 =  3/4, showing that when a =  3 interaction can occur with 
the mode 6 =  a +  2 =  5; this coupled path contains only odd modes which have 
stronger coupling ( V 3 3 5 5  > V 3 3 4 4  for example). When b =  a +  1, the coupled path 
is symmetrical with respect to both Qa and Q&. However, when a and b are both 
odd this double-symmetry is broken; flipping one mode through while keeping
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Figure 4.12: Jump from 3 to 5 waves for the straight-edged plate. Stable paths 
are shown as solid lines and unstable paths as broken lines.
the other unchanged generates a different shape (Hunt, 1986). This is reflected 
in the plot of Fig. 4.12, in which the coupled path does not project onto the base 
plane as a closed loop.
4.10 C oncluding remarks
The main aims of this chapter were twofold — to extend the investigation and 
presentation techniques introduced for the simply-supported strut to the more 
difficult plate problem, and to explore the effect of the in-plane boundary condi­
tions on the post-buckling stability.
The coupled behaviour of the plate is found to be far more complex, with the large 
number of passive modes meaning that locating secondary bifurcation positions 
using a Rayleigh-Ritz approach is no longer practical. The most useful results 
are obtained by reducing the von Karman equations to a set of ODEs which are 
solved numerically using AUTO, hence including the destabilizing effects of all 
longitudinal harmonics and passive modes. Validation with the full numerical 
solution of the PDEs highlights the effect of transverse harmonics, especially at 
large amplitudes.
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The results, presented using the parameter space of Arnol’d tongues, share a 
number of features with the strut, the most important being the appearance of a 
safety envelope. As the boundaries are increasingly constrained against in-plane 
movement, the amplitude, and hence the load, at which secondary bifurcation oc­
curs reduces: the unrestrained plate of Fig. 4.1 is unconditionally stable; for most 
lengths the straight-edged plate loses stability at p > 2p°; and the plate with its 
edges clamped in-plane exhibits little by comparison in the way of post-buckling 
strength. However it is important to note that this plot shows the amplitude at 
which secondary buckling occurs and does not indicate the behaviour or stability 
of the coupled path. In general the coupled path for short plates is stable, with 
mode jumping only occurring at the secondary bifurcation point for larger aspect 
ratios.
Chapter 5
Effects of the boundary 
conditions
The previous two chapters have explored mode jumping for the simply-supported 
strut, and the simply-supported plate with various in-plane boundary conditions. 
In addition to introducing the phenomena of mode jumping and the presenta­
tion of results in the form of Arnol’d tongues, this work highlights a number 
of important points, both in the post-buckling stability (with the existence of a 
safety envelope) and the choice of solution method (due to the effects of passive 
modes). However these results are perhaps slightly academic, as in most practical 
applications flat plates are not simply-supported. Therefore this work is now ex­
tended to encompass boundary conditions other than simply-supported for both 
the stru t and plate problems.
Simply-supported boundary conditions are special in that the secondary bifurca­
tion points can be found relatively easily using analytical techniques; for other 
boundary conditions the modulation of the buckle pattern (see Fig. 1.9) means 
that numerical methods are more suitable. The use of AUTO allows mode jumping 
to be explored in the full range of boundary conditions — including those lying 
between the extremes of simply-supported and clamped (Potier-Ferry, 1983) —
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which have not been considered in detail for either the strut or plate problems. 
The entire sequence is described in the space of Arnol’d tongues; by comparing 
plots for each set of boundary conditions, variations in the post-buckling stability 
between the different cases can be seen.
Of the two available eigenvalues to express the initial deflected shape, only one is 
required when the boundaries are simply-supported: now the modulated shape 
is given (typically) by a quasi-periodic combination of the two. This could have 
implications for eigenvalue solvers such as v ic o n  (Anderson et al., 1983) and 
VICONOPT (Williams et al., 1991) which assume eventual repeatability in the 
buckle pattern, and hence use integer mode numbers when calculating critical 
loads of prismatic structures (see Fig. 1.4).
The transition between the extremes of simply-supported and clamped is char­
acterized by the behaviour of the strut. Therefore in the plate problem four 
distinct combinations of simply-supported and clamped boundaries on the long 
and short edges are investigated, with both straight-edged and clamped in-plane 
constraints, for the full range of lengths to be considered. Again, comparison of 
the tongue plots highlights the effects of the boundary conditions.
5.1 Supercritical strut
5.1.1 Energy integral and differential equation
The heuristic strut model shown in Fig. 3.1 is only valid for the extremes of 
simply-supported and clamped ends. The desire to include intermediate bound­
ary conditions necessitates the inclusion of rotational springs of stiffness K  at 
either end (Damil & Potier-Ferry, 1986), as shown in Fig. 5.1. These add two 
terms to the energy function (3.2) which — as they act at discrete points —




Figure 5.1: Strut on an elastic foundation, 
appear outside the integral,
V  = J  ^ E I w 2 — +  ^P-w2 +  ^ 2(^)) •
(5.1)
At the extremes of simply-supported or clamped ends (where K, =  0 and JC =  oo 
respectively) these additional terms are zero. As before w represents deflection 
away from the foundation and dots denote differentiation with respect to x.
Again, standard application of the calculus of variations leads to the Euler equa­
tion,
E I w  +  Pw  +  K w  +  Cw3 =  0, 
and the following (new) constraints,
EIw5w — E lw d w  -I- PwSw 
which (as 8w — 0 a t each end) leaves,
(5.2)
+  JCw5w\0 +  JCwSw\L =  0, (5.3)
w =  JCw — E I w  = 0 at x  =  0, 
w = JCw +  E I w  = 0 at x  =  L. (5.4)
Nondimensionalization gives
w +  pw +  w +  w3 =  0, (5.5)
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where w and p are given by (3.4) and x  by (3.5). For the boundary conditions
(5.4) it is convenient (for the later numerical continuation) to define the nondi-
mensional rotational stiffness as
K  =  --------   . . . .  :, (5.6)
K  +  t / K { E i y
giving
w = k ,w  —  (1 —  k ) w  = 0 at x  =  0, 
w =  k ,w  +  (1 — k ) w  =  0 at x  =  Z, (5.7)
and hence k =  0 and « =  1 for simply-supported and clamped boundaries re­
spectively.
The nondimensional equation (5.5) is the same as the simply-supported stru t 
(3.3) and hence the characteristic equation (3.8), eigenvalues (3.12) and general 
solution (3.13) are also the same. In the remainder of this chapter the nondimen­
sional equations are used and the bar dropped.
5.1.2 Critical loads
For the simply-supported case (k = 0), the critical loads are given by (3.14) 
and are shown in Fig. 5.2(a) (repeated from Fig. 3.3). To satisfy the boundary 
conditions when k is non-zero, the buckle pattern depends on both values of 
A (3.12) and hence is, in general, quasi-periodic; as a result the critical loads 
cannot be written explicitly. However, solutions are still either symmetric or 
antisymmetric. Symmetric solutions can be found by considering the general 
equation
_ a'KX _ bnx 
w = Qa cos —— b Qb COS —j— (5 .8 )
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— where a and b can now take non-integer values — over the range —1/2 < x  < 
1/2. Applying the boundary conditions (5.7) for the clamped case (k = 1) gives
/, /«\ ^  a7r ^  &7Tw(l/2) =  Qa cos —  +  Qb cos — =  0, 
z z
w(l/2) = -  j  {aQa sin -y- +  bQb sin = 0. (5.9)
Combining these two equations to eliminate Qa leaves
. _ /  . an bn an . bn \  n
IQb I asm  —  cos ——  bcos —  sm — I = 0, (5.10)
V Z  Z  Z  L i J
and using the relationship (3.16)
12
I =  ny/ab => b =  — - (5-11)an2
effectively leaves the equation in a,
o n . an 12 l9 an . I2
a 7r sin — cos- rc o s  —  s in -—  =  0. (5.12)
2 2an 2 2an K J
For any given length Z, this can be solved numerically for a with the help of an 
algebraic manipulation package such as MAPLE (Heck, 1996). Substitution of 
these values into (3.14) gives the critical load. Starting with
_ . anx _ . bnx
w = Qa sm —— \-Qbs m — (5.13)
will give antisymmetric solutions and those for 0 <  k < 1 can also be found by 
using a similar approach.
The lowest two critical loads for three different non-zero values of k are shown in 
Figs. 5.2(b)-(d). One curve marks symmetric solutions and the other antisym­
metric solutions, with the number of maxima and minima increasing with length 
such that the symmetry or antisymmetry of the solution is preserved. Fig. 5.2(d) 
is also familiar from the buckling of plates with clamped short edges (Wittrick, 
1952; Bulson, 1970). Fig. 5.3 shows that as the rotational stiffness « increases

















Figure 5.2: Lowest two critical loads for (a) « =  0, (b) /c =  0 .2 , (c) k, =  0.4 
and (d) k =  1. Broken lines show critical loads for the simply-supported strut 
(k =  0).
there is increased modulation of the buckle pattern (Damil & Potier-Ferry, 1986). 
The corresponding critical loads also increase, and p =  2 is only approached as 
I —¥ oo — where the effect of the boundary conditions reduces — rather than at 
the discrete lengths (/ =  a7r) of the simply-supported case.
The curves all pass through the rational positions Ai/A2 =  a/a  2 , where a is 
odd for the symmetric case and even for the antisymmetric case, and modulated 
periodicity replaces the quasi-periodic response. At these positions, w =  w =  
w =  0 at both ends of the strut, and thus the critical loads are independent of 
the value of k . Interestingly, the compound bifurcation points for the clamped 
case also occur at Ai/A2 =  a/a  +  2 : for example, interaction between buckle 
patterns with 4 and 5 maxima and minima is now marked by Ai/A2 =  4/6. For 
other non-zero values of /c the compound bifurcation points occur at irrational







Figure 5.3: Linear buckle patterns for I = 25 and (a) /c =  0, (b) k =  0.5 and
(c) k = 1.
positions between a /a  +  1 and a /a + 2 , corresponding to the quasi-periodic nature 
of the response.
5.1.3 Solution m ethod
The nonlinear behaviour of the simply-supported strut is periodic (Fig. 5.4(a)) 
and hence a Galerkin or Rayleigh-Ritz technique is often used (Supple, 1970;
Nakamura & Uetani, 1979). When k, is non-zero the post-buckling behaviour
is more complex; although unclear from Fig. 5.4, the wavelengths decrease as 
the amplitude increases and modulation is concentrated at each end, creating a 
boundary layer effect (Damil & Potier-Ferry, 1986). Therefore a modal approach 
is not practical because, unlike the simply-supported case, the buckle pattern 
cannot be approximated with sufficient accuracy by a small number of modes.
The ODE (5.5) is thus solved numerically using the boundary value solver AUTO 
(Doedel et al., 1995). The rescaled first-order equations are given by (3.52) and 
the boundary conditions (5.7) by
A ( 0 )  =  0 ,  / « / 2 ( 0 )  -  ( 1  -  « ) / 3 ( 0 )  =  0 ,
A (l)  =  0, U f 2( 1) +  (1 -  « ) /3(l) =  0. (5.14)
In addition to varying the load or length as before, the rotational stiffness k can 
also be altered, thereby allowing the full range of post-buckling behaviours to be 
investigated relatively easily.








Figure 5.4: Nonlinear buckle patterns for p = 2.3, I = 25 and (a) k =  0, (b) k, =
0.5, (c) k =  1.
5.1.4 A rnol’d tongues
Tongues for the simply-supported case, repeated from Fig. 3.11, are shown in 
Fig. 5.5(a). The area to the top right of Fig. 5.5(a), where the curves are seen 
to bounce off the line Ai/A2 =  1 (representing the minima of Fig. 5.2(a) where 
p =  2), is an artifact of the plot; switching Ai and A2 would allow them to carry 
through without discontinuity. The curves are presented this form to demonstrate 
the evolution as k increases from zero.
When k is non-zero the combination of the boundary layer and quasi-periodic 
behaviour means that in the nonlinear regime the response cannot be broken into 
distinct “integer” modes. As a result the maximum amplitude of the deflection 
is plotted and the vertical axis has been relabeled wmax. However, mode jumping 
still occurs from symmetric to antisymmetric solutions, or vice versa, such that 
the number of maxima or minima increases by one. Figs. 5.5(b)-(d) show that 
the tongues of Fig. 5.5(a) move to the left and change shape as the rotational 
stiffness k is increased. A typical cusp point moves from rational position a /a  4-1 
at k, =  0, through intermediate irrational positions, to rational position a /a  +  2 
at k , =  1, reflecting the movement of the compound bifurcation points of Fig. 5.2. 
For 0 < « < 1, all curves miss the Ai/A2 =  1 line; this reflects the fact that, 
only as I —> oo, do the critical loads approach p = 2. As k increases, the 
safety envelope both decreases in size and moves to the right; thus stiffening the 
boundaries reduces the post-buckling reserve against mode jumping and limits it 
to progressively longer systems. For the fully clamped conditions of Fig. 5.5(d), 
both arms of the tongues are again seen to veer to the left; in the absence of the
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Figure 5.5: A selection of Arnol’d tongues for (a) k =  0, (b) k =  0 .2 , (c) k =  0.4 
and (d) « =  1. Left-hand arms have been truncated for clarity.
safety envelope this is simply due to the fact that, to the left of the compound 
bifurcation points of Fig. 5.2(d), both critical loads increase.
For simply-supported boundary conditions, a jump from a periodic mode of 
wavenumber a to one of a -I- 1 necessarily involves a sudden reversal of the first 
derivative w at one of the boundaries. It was noted earlier that w, w and w all 
vanish at the (a, a +  2) compound bifurcations of Fig. 5.2(d), and this gives a 
clue to the mechanism for collapse of the safety envelope. A new half-wave can 
evolve smoothly at a clamped end, without the sudden switch in w required with 
simple supports. These special conditions restrict the ability of the system to lock 
into a specific mode, with the effect that, as the two critical points converge on 
the fundamental path, all secondary bifurcation points draw into the compound 
bifurcation point and the safely envelope is eliminated.




Figure 5.6: Comparison of minimum critical (solid lines) and secondary buckling 
loads for a strut with (a) simply-supported and (b) clamped ends.
It is intriguing that in all cases the jump is from symmetric mode to antisymmetric 
or vice versa. For simply-supported boundaries the position of the cusp on the 
real line at a/a  +  1 clearly identifies the periodic modes involved, but for the 
other boundary conditions it is more difficult to interpret how such a transfer is 
linked to either the irrational positions or a /a  +  2.
Fig. 5.2 shows that the critical loads vary considerably with k and, although 
they determine the relevant values of A1/A2, it is important to note that Arnol’d 
tongue plots only represent the post-buckling behaviour and do not account for 
differences in critical loads. When I <  5, for example, the critical loads for the 
clamped case are significantly greater than those for simple supports, and thus 
mode jumping occurs at a higher load, as shown in Fig. 5.6. In contrast, when I 
is large the critical loads are similar and hence the simply-supported strut, with 
the greater reserve of post-buckling stability, has the higher secondary buckling 
load.
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Figure 5.7: Plate buckle patterns for different flexural boundary conditions; (a) all 
edges simply-supported (A), (b) short edges clamped (B), (c) long edges clamped 
(C), (d) all edges clamped (D). Applied loads have been omitted for clarity.
5.2 A xially-com pressed plate
5.2.1 B oundary  conditions
From the similarities between the simply-supported strut and plate, it is reason­
ably safe to assume that the safety envelope for the plate will also disappear as 
the short edges are increasingly clamped. Therefore only four combinations of 
simply-supported and clamped boundary conditions (shown in Fig. 5.7),
A. all edges simply-supported,
B. long edges simply-supported and short edges clamped,
C. long edges clamped and short edges simply-supported,
D. all edges clamped,
in conjunction with two different in-plane constraints,
I. straight-edged,










Figure 5.8: Critical loads for the (a) straight-edged (I) and (b) clamped in-plane 
(II) plates with simply-supported long edges. Broken and solid lines indicate 
simply-supported (A) and clamped (B) short edges respectively.
II. clamped in-plane,
are considered. This allows the von Karman equations (2.49) and the constraints 
on w and (p to be used unaltered.
Unlike the free-edged plate with simply-supported boundaries (case A, Fig. 4.1) 
which has no instabilities on the natural loading path, mode jumping has been 
predicted for the free-edged plate with boundary conditions B and D by Gervais 
et al. (1997). However most practical applications will either be straight-edged 
or clamped in-plane, and so mode jumping in the free-edged plate is not pursued 
here.
5.2.2 C ritical loads
The critical loads for cases AI and A ll are given by (4.21) and are shown by 
the broken lines in Figs. 5.8(a) and (b) respectively. With clamped short edges 
(B), the solution now necessarily involves both wavelengths and the critical loads 
cannot be written explicitly. Using the same method as for the strut, outlined 
above, the critical loads are found numerically by MAPLE. The lowest two critical 
loads are shown by the solid lines in Fig. 5.8 (Wittrick, 1952; Bulson, 1970). Again
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one curve marks symmetric solutions and the other antisymmetric solutions, with 
the compound bifurcation points for case B occurring a t a /a  +  2.
W ith clamped long edges the exact deflection is given by a combination of trigono­
metric and hyperbolic functions (Allen & Bulson, 1980). Unfortunately this so­
lution changes slightly with different interacting modes and the plate lengths. 
However a good approximation for this transverse profile, suggested by Koiter & 
Pignataro (1976), is
w(y) =  y2(! -  y)2 • (5-15)
Substituting w =  AeAnxy2(l — y)2 into (4.16) leads to the characteristic equation, 
A47r4 +  A27r2(7r2p — 24) — YlvK2p +  504, (5.16)
and two imaginary eigenvalues:
, 1 Itt2p — 24 I (7r2p — 24)2 ~  ~0 ITT
1 =  * V — 2—  V  — 4— +  p ~ '
. 1 17v2p — 24 I (7r2p — 24)2 .
A2 =  — t /    V y  ^---------1- 12i^ 7r2p -  504. (5-17)
Again assuming an integer number of half-waves (A =  a/I) gives the critical load 
for the simply-supported case,
„ (7r V  +  12Z2)2 +  360i4
P  ( a % 2 +  1 2 i/ / 2) tt2/ 2 5^ ' 1 8 ^
with the values of A and pa for the straight-edged boundary conditions found by 
substituting v  =  0. The variations in the critical loads for cases C and D are 
shown in Fig. 5.9 for a range of plate lengths (Wittrick, 1952; Bulson, 1970). 
Critical loads are significantly greater than those shown in Fig. 5.8, although 
those for the clamped in-plane plate are again lower than those for the straight- 
edged plate.
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(a ) (b )
Figure 5.9: Critical loads for the (a) straight-edged (I) and (b) clamped in-plane 
(II) plates with clamped long edges. Broken and solid lines indicate simply- 
supported (C) and clamped (D) short edges respectively.
5.2.3 R eduction  to  ODEs
The PDEs are again reduced to a series of ODEs in x  using the Galerkin pro­
cedure. The transverse functions and boundary conditions for cases AI and All 
are given in Chapter 4. With clamped short edges (B) the same functions (4.40) 
are used with the following boundary conditions on w,
ici(0) =  Wi(l) =  w2(0) =  w2(l) =  0,
ici(0) =  Wi(l) =  w2(0) =  w2(l) =  0, (5.19)
and the same constraints on <£, satisfying the straight-edged conditions.
For clamped long edges the transverse profile (5.15) is used with the first har­
monic,
w2{y) =  1296y4(l -  y )4 -  104y3(l -  y)3 -  91y2(l  -  y)2, (5.20)
(chosen by trial-and-error) which gives good agreement with the (slightly varying)
exact solution. The boundary conditions on w for cases C and D are given by 
(4.41) and (5.19) respectively. The same functions and constraints are used for
(p.





















Figure 5.10: Arnol’d tongues produced from AUTO results for the clamped in­
plane plate; (a) A, (b) B, (c) C, (d) D. For clarity, left-hand arms are truncated 
and some tongues are omitted.
5.2.4 A rno l’d tongues
Arnol’d tongues for the clamped in-plane plate (II) are plotted in Fig. 5.10, with 
the cusps for case A being repeated from Fig. 4.7. For the strut system, increases 
in flexural stiffness of the boundaries led to changes in the size and position 
of the safety envelope. The same changes are seen in the plate system. With 
clamped short edges (case B, Fig. 5.10(b)) the cusp points occur at the rational 
positions a /a +  2 and both secondary bifurcation points draw into the compound 
bifurcation point eliminating the safely envelope. This has considerable practical 
implications: mode jumping can now occur at loads fractionally above the critical 
load.
For plates with clamped long edges (C and D), shown in Figs. 5.10(c) and (d), the
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Figure 5.11: Arnol’d tongues produced from AUTO results for the straight-edged 
plate; (a) A, (b) B, (c) C, (d) D. For clarity, left-hand arms are truncated and 
some tongues are omitted.
same behaviour is seen except that the amplitude of the secondary bifurcations 
is much greater than for the corresponding simply-supported cases. A possible 
explanation is that the clamped edges reduces the wavelength across the width, 
making it much more difficult to move from positive to negative deflections. The 
increased amplitudes also means that there is more contamination from passive 
modes and hence some of the right-hand arms cross, indicating that for case C 
mode jumping can take place with the mode b =  a +  2.
The Arnol’d tongues for the straight-edged plate (I) are plotted in Fig. 5.11. 
Apart from the notable increase in secondary buckling amplitudes (and loads) 
the pattern repeats that of the clamped in-plane case shown in Fig. 5.11: some 
tongues for cases A and C cross; the safety envelope disappears when the short 
edges are clamped; and the plates with clamped long edges have more post-
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buckling reserve than those with simply-supported long edges.
Again the minimum critical loads vary considerably with the boundary conditions 
(Figs. 5.8 and 5.9) and hence when I is small mode jumping for cases C and D will 
occur at a higher load than for A and B. In contrast, when I is large the plates 
with simply-supported short edges (A and C) will have the higher secondary 
buckling loads.
5.3 Concluding remarks
Boundary conditions are shown to have considerable influence on the critical loads 
and post-buckling stability of the supercritical elastic struts. Several important 
features emerge, which pass over directly to the more difficult problem of elastic 
plates under compression and take on considerable practical importance. As 
the rotational stiffness is increased, the corresponding Arnol’d tongue plots show 
a significant drop in post-buckling stability and the elimination of the safety 
envelope, implying that mode jumping can occur at vanishingly small amplitudes 
just above the critical load. Short structures compensate for this with an increase 
in critical load, but as I is increased the difference in critical loads for different 
boundary conditions diminishes, and the clamped case has the lowest secondary 
buckling load.
The influence of the in-plane boundary conditions on the critical loads and post- 
buckling stability of compressed thin elastic plates is also found to be significant. 
Restricting the in-plane movement, from straight-edged to clamped in-plane, 
leads to a decrease in post-buckling stability. In contrast, and perhaps most 
importantly from a practical point of view, clamping up the long edges gives an 
considerable increase in critical loads for both the straight-edged and clamped 
in-plane cases.
Chapter 6
Conclusions and further work
This thesis gives a systematic appraisal of the phenomenon of mode jumping 
in the supercritical post-buckling of axially-compressed struts and plates. The 
problem is treated from two perspectives, the general theory of elastic stability as 
described nearly three decades ago (Thompson h  Hunt, 1973), and with the mod­
ern numerical continuation code AUTO (Doedel et al., 1995); analysis is combined 
with numerical experimentation in a search for the underlying destabilizations. 
Results are presented in a form reminiscent of Arnol’d tongues (Arnol’d, 1965) 
which shows the limit of mode locking, or instigation of mode jumping, for any 
length of system in a succinct manner. The appearance of Arnol’d tongues — 
or at legist an Arnol’d tongue-like plot — which are usually associated with non­
linear mappings or dynamical systems running in time, is perhaps unexpected in 
a boundary value problem. However, as with subcritical behaviour, it is again 
abundantly clear that the dynamical systems analogy has much to offer nonlinear 
statics.
It is well known that the subcritical strut has led to a greater understanding of 
more complex problems which exhibit localized behaviour. Here the supercriti­
cal response of the stru t on a stiffening foundation is usefully allied to axially- 
compressed flat plates; in both strut and plate problems an initially stable peri­
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odic response is found to lose stability at a secondary bifurcation point, followed 
by a “mode jump” to a different solution with a shorter wavelength. These modes 
will sometimes have the same critical load, and the compound bifurcation point 
thus produced might thus seem a possible source of small amplitude jumps early 
in the post-buckling regime. However the tongue plots clearly show that with 
simply-supported boundary conditions protection against this effect is provided 
within a so-called “safety envelope” . Surprisingly perhaps, the threshold value of 
amplitude (and load) marking the limit of this unconditional stability increases 
with increasing length.
The culmination of this work is a sequence of Arnol’d tongue plots which allow 
results from different boundary conditions to be compared in a consistent man­
ner. Most plate applications are not truly simply-supported and hence, from a 
practical point of view, it is essential to be aware that restraint against rota­
tional movement at the short edges leads to a reduction in post-buckling reserve. 
This is highlighted by the collapse of the safety envelope implying that, for a wide 
range of boundary conditions, mode jumping can occur early in the post-buckling 
regime. However some comfort can be gained by restricting flexural movement 
of the long edges which is known to give an considerable increase in the critical 
load.
Comparisons of analytical and numerical results show that the post-buckling be­
haviour is only successfully portrayed analytically with the inclusion of contami­
nating passive modes. Therefore, in the majority of cases, accurate post-buckling 
solutions are only given by numerical methods which effectively include the full 
gamut of passive effects. The increased complexity of the plate behaviour also 
highlights a limitation of the Arnol’d tongue plots: they do not indicate the 
stability of the coupled paths. In the strut problem all the coupled paths are 
unstable and so the tongues also mark the point where mode jumping occurs. 
For the simply-supported plate this is not the case; in general the coupled paths 
for short plates are stable and those at large aspect ratios unstable.
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Finally, it is important to note that although the response for the case with simple 
supports is periodic, for other boundary conditions it is typically quasi-periodic 
— this could affect the calculation of critical loads by methods which assume 
repeatability and thus rely on integer mode numbers.
6.1 Further work
The recent developments in numerical methods — in particular the algorithms 
used by AUTO — and increases in computing power have enabled this extensive in­
vestigation into the effects of boundary conditions on the post-buckling response. 
Small increases in flexural stiffness are found to give a significant decrease in sta­
bility and therefore, rather than imperfections due to an initial out-of-flatness, 
differences between previous experimental and theoretical results may be caused 
by imperfect boundary conditions. This theoretical study would be complimented 
by a new series of experiments: if deviations from the desired simple or clamped 
supports were measured, these results could then be compared with predictions 
for the corresponding model generated by AUTO.
Other logical extensions of this work include the modelling of imperfections due 
to out-of-flatness, the use of orthotropic material properties (Brunelle & Oyibo, 
1983) and different loading conditions (Fig. 1.3), all of which are relatively simple 
additions to the existing von Karman equations. (In contrast, the modelling of 
anisotropic, layered or thick plates would require more complex three-dimensional 
models.)
The post-buckling of axially-compressed cylinders (Fig. 1.6) is governed by the 
von Karman-Donnell equations, which are similar to those describing plate be­
haviour. As with the plate the initial post-buckling response is periodic (although 
in this case it is unstable); however for “long” cylinders localized solutions emerge 
from secondary bifurcation points close to the flat state (Hunt et al., 1999). Pe­
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riodicity and localization are thus inherently interlinked and therefore it may be 
interesting to investigate — by searching for homoclinic solutions via the eigenval­
ues of the periodic state (see for example Providencia e Costa, 1994) — whether 




For the plate the energy integral (2.37) is of the form
V  = f  f  £(w , w, n), u>, w, (p, ip, <p) dxdy, (A.l)
Jo Jo
where dots and primes above the variables denote partial differentiation with 
respect to x  and y respectively. The first variation 5V  of the Lagrangian C is 
given by
SV = f 1 f L{  ^ 6  w + ^ S w  + 8w + —,8v> + ^ 6  w
Jo Jo I dm dw dw dw dw
d £  dC , .
+  +  —7 f dxdy. (A.2)
dip dip dip J
Integrating by parts gives
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d C r .l i J f 1 f L d (d C
dw W_ o V J 0 Jo d x \d u i
^ 6 w  - S wT d y  
ow o x \a w  J L
8w dxdy
I ! l L ^ A x d y = I !
- a
+f f  S (S )“ 2/’ 
I! I! 1 H dxdy=I! [ IH „ dy - I! [  I K I )  ^ dxdy
(A.3)
Expressions for the other components can be derived in a similar manner; adding 
them together leads to the first variation,
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Substituting (2.37), noting that all edges are supported (i.e. Sw =  0 on the 
boundaries) and simplifying leaves
SV = n<D<" +  isw) — Et(pw)Sw +  2 ( D ( 1  — v) +  fnfonj dy 
-f- J  ^(D(w — viu) — Et<pw)5w da;
+  J  J  — [Et(p — Px)w  +  2Et(pw — (Et(p — Py)u)^Sw dxdy
- i > # -  udp)8p — (ip — i/<p)6(p +  2(1 +  dy
— J  Et\^(<p — v(p)8<p — (Ip — u<p)8cp +  2(1 -1- u) (p8ip  ^ d a ;
* I l (  V4<£> — w2 +  ww^Sip dxdy, (A.5)
where V4u; =  w + 2 in' + w and V 4cp =  ip' +  2 ip' +  Ip.
Appendix B 
Energy coefficients
The algebraic manipulation package MAPLE (Heck, 1996) was used to calculate 
the non-zero energy coefficients of (4.29). For the straight-edged plate these are;
Vaaaa — ^  ^
vaabb= ^ 7tH
1 + z4
4 +  —r- +
(a -  b)- + (a +  by
14 ((o +  6)2 +  4P) ((a — 6)2 +  4i2)
Vaaab= for 6  =  3“ >
K « 6c  =  35^







(a +  6)2(3a — 6)‘ 
((a -  6)2 +  4Z2)^_
(a — 6)2(3a +  6)2 
((a +  6)2 +  4i2)2_
for c = 2 a  — b,
for c =  2a -f 6,
(a — b)2(a +  b +  2c)2 (a — c)2(a +  26 +  c)+
((a +  b)2 + 4P) ((a + c)2 +  4/2)
( 6 - c ) 2(2o +  ft +  c)2
((6 +  c)2 +  4i2)'
for d =  ± ( —a — b — c),
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=  ± -7 T 4/64 6 +
(a +  b)2(a — b — 2c)2 (a +  c)2(a — 2b — c)+
((a — b)2 +  412) ((a — c)2 +  412)
(b — c)2(2a — b — c)2
((6 +  c)2 +  4/2)
for d =  d=(—a +  b +  c),
64 6 +
(a 4- b)2(a — b +  2c)2 (a — c)2(a — 26 +  c)+
( ( a - 6 ) 2 +  4/2) ((a +  c)2 +  4Z2)'
(b +  c)2(2a — b -f c)2
((6 — c)2 +  4Z2y
for d — ± (a  — b -f c),
=  ± 7 ^  64
6 + (a — b)2(a + b — 2c)2 (a -f c)2(a +  26 — c)+
((a +  6) -f Al2Y  ( { a - c ) 2 + 4 p y
(6 +  c)2(2a +  6 — c)2
((6 — c)2 4* 4Z2) ‘
for d =  ± (a  +  6 — c),
V'r zi/1
1 4 a2
= ~ r  t > (B.l)
where a, 6, c and d are all different. With clamped in-plane boundary conditions 
the following coefficients change;
V aaaa  —  7T I
s_
32
Vaabb= ^ 7 T 4l
a4
3 + f
* a2626 +  —^  +
(a -  6) ■ + (a 4- by
14 ((a +  b)2 + 4Z2) ((a — 6)2 +  4Z2) _
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